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INTRODUCTION

One of the most active fields of research in the past
fifteen years has been the study of the molecular theory of
irreversible processes. The basic problems to be solved can
be phrased in terms of two questions: (a) How do the time
reversible equations of motion lead to a description of the
approach to equilibrium? (b) Given a technique for describing
the approach to equilibrium, what is the relationship between
the macroscopic transport coefficients and the properties of
the molecules of which a system is composed.

In the forefront of the efforts to answer question (a)

has been the work of Prigogine and co—workers.l’2

They proceed
by writing an infinite order perturbation solution to the
Liouville equation. It is found that the ordinary phase space
representation of the N-particle distribution function is much
too cumbersome, and that a transformation to a new representa-
tion facilitates much of the ensuing analysis. By chosing as

a basis set the eigenfunctions of the free particle Liouville

operator, Prigogine and co-workers, solve the Liouville equation

much as Dirac solves the time dependent Schroedinger equation.

1. I. Prigogine, Non-equilibrium Statistical Mechanics (Inter-
scilence Publishers, Ltd., London, 1962).

2. R. Balescu, Statistical Mechanics of Charged Particles
(Interscience Publishers, Ltd., London, 1963).

1



2
The elgenfunctions of the free particle Liouville operator are
plane waves, and the solution of the full Liouville equation, in
terms of this basis set, amounts to a Fourier expansion of the
N-particle distribution function in a complete set of plane
waves. Thus the representation chosen is (k, E) instead of
(E’ B)' The main assumption of Prigogine and collaborators is
the following: The N-particle distribution function which
describes the initial state must have the property that all
reduced distribution functions remain finite in the limit

N

N—>c0 V ~—>oeo , such that 7 is finite and constant, where

s
N is the number of particles and V the volume of the system.

In this limit, the spectrum of k becomes continuous and sums
over k may be replaced by integrals. A further assumption of
Prigogine and co-workers is that the N-particle distribution
function conforms to periodic boundary conditions. It is then
possible to identify the Fourier coefficients of the expansion
with the Fourier transforms of the Ursell functions in a

cluster expansion of the N-particle distribution function.

Thus, a connection is made between the lower order Fourier
coefficients and the lower order reduced distribution functions.
Prigogine and co-workers argue, as have Born, Green,3 Yvon,

6

Kirkwood5 and Bogolubov,~ that since irreversibility appears in

3. M. Born and H. S. Green, A General Kinetic Theory of Liquids
(Cambridge University Press, London, 1949).

L. J. Yvon, Actualites Scientifique et Industrielles (Hermann
et Cie, Paris, 1953).

5. J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946).
6. N. Bogolubov, J. Phys. (U.S.S.R.) 10, 265 (1946).
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the thermodynamic functions, and since these functions are
determined by the reduced distrilbution functions, the reduced
distrlibutlons must evolve irreversibly in time. They then
derive equations for the evolution of the Fourier components, or
what is tantamount to this, for the evolution of the reduced
distribution functions. These equations are general. They are
non-Markovian in structure and contain a term which describes
the destruction of the correlations. The equations are revers-
ible and are, therefore, consistent with the reversible equations
of motion. At this point, Prigogine assumes that after a very
short time the system forgets the initial correlations—==cor-
relations are destroyed. Thus, a set of non-Markovian evolution
equations are derived. These equations have been used success-
fully to predict the non-Markovian effects in a ferromagnetic
spin system. When it is assumed that the Fourler components do
not change very much over the duration of a collision, Markovian
or Boltzmann-like equations are obtained. It is found that
Markovian equations are valid for the prediction of steady state
phenomena, but are not valid for the description of time depend-
ent processes such as occur in the presence of a time dependent
external force, or the approach to equilibrium of the distribu-
tion function. Using an Enskog-Hilbert iterative procedure,
Resibois and Prigogine7 have shown that the Kubo relations8 can

be retrieved from the master equation in the linear-Markovian

7. ©P. Resibois and I. Prigogine (private communication).

8. R. Kubo, Lectures Theor. Phys. (Boulder) I, 120-203.




4
approximation. The Prigogine theory constitutes the greatest
single advance in the theory of irreversible processes in this
century.

In principle, a solution of problem (a) also provides
a solution to problem (b). For once given the non-equilibrium
distribution function, the fluxes of matter momentum and energy
are readily obtained. 1In practice, the Prigogine theory, as
presently written, cannot be used for the treatment of dense
fluids because it is basically a perturbation expansion carried
to infinite order. The method is useful for weakly interacting
systems where the ratio of the interaction energy to kT provides
a small expansion parameter, or for very dilute systems, where
the range of the potential divided by the mean free path pro-
vides a small expansion parameter. 1In a liquid, however, every
molecule is 1n continuous interaction with all its neighbors,
and neither of the parameters mentioned is useful. It is the
absence of a small parameter which accounts for most of the
difficulty in treating dense fludis. The main difficulty
resides in the fact that Prigogine has used the free-particle
Liouville operator as his unperturbed state. The free-particle
operator is indeed a very poor approximation to the real dense
fluid operator. Whereas it is a very good approximation for
very dilute systems. Thus the perturbation series converges
less rapidly the higher the density with this choice of the
unperturbed operator. The obvious thing to do would be to
select an unperturbed operator which is, in fact, closer to the

frue operator. This is not a trivial task. There are immense
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difficulties in solving the Liouville equatlon for anything

other than for the case of noninteracting particles. A more
reallistlc unperturbed operator might be the hard core operator,
or the Maxwell Molecule operator. These are, of course, highly
idealized choices, but they might work. Nothing like this has
yet been done.

The only successful treatment of dissipation in the
dense fluid phase 1s based upon 1ldeas which were introduced by
Kirkwood.5 The guiding principle of Kirkwood's analysis 1s the
description of the lower order reduced distribution functions
only on a time scale such that a meaningful independent dynam-
ical event can be defined. Transient effects during the estab-
lishment of the steady state and the approach to the steady
state must be discussed using other techniques. Rapidly oscil-
lating external fields cannot be understood by these methods.

We must first note that a complete cluster expansion of the
integro-differential equation describing the N—bbdy distribution
functlon can be obtained from a Kirkwood type analysis, i.e.

by use of coarse graining in time. In the steady state the
resultant equations are identical with those derived by
Prigogine, by Bogolubov and by Green. This may be taken as
confirmation of Kirkwood's intuitive approach to problems con-
cerning the steady state. Kirkwood proposed to describe the
motion of a molecule in a liquid as a quasi-Brownian motion. He
then derived Fokker-Planck equations for the singlet and doublet
distribution functions using the assumption that the mean momen-

tum transfer due to the fluctuating intermolecular force field
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was small relative to the mean momentum, and that the force
acting on a specific particle due to its neighbors has a cor-
relation time which is much smaller than the correlation time of
the momentum of that particle, i.e. the force on a particle
fluctuates many times while the momentum of that particle remains
fairly constant. This analysis has been criticized on the ground
that large momentum transfers occur during strongly repulsive
encounters. It 1s interesting that the Kirkwood relation
between the friction coefficient and the autocorrelation function
of the force acting on a molecule=—probably the most valuable
result of the analysis——when applied to the rigid sphere fluid ﬁ
gilves the same result as the Enskog theory. Nevertheless, the
existence of a very short range repulsive force contribution
and a somewhat longer range attractive force contribution to
the total intermolecular force suggests that a distinction can
be made between large and small momentum transfers.

Rice and Allnattg’lo have constructed a theory of trans-
port within the framework of the Kirkwood philosophy. The
theory divides the dissipative forces into hard and soft contri-
butions and uses suitable but different dynamical descriptions
for the two contributions. It is assumed that:

a. The intermolecular pair potential may be represented

by a rigid core with a superposed soft potential. The

soft potential may have both repulsive and attractive

9. S. A. Rice, A. Allnatt, J. Chem. Phys. 34, 2144 (1961).

10.  A. Allnatt, S. A. Rice, J. Chem. Phys. 34, 2156 (1961).
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parts provlided only that the range 1s large relative to
the range of a rigid core.
b. There exists a time T such that

b
and momentum correlation times

1. T &< < ’tp where ‘T _ and Tp are the force

2. a dynamical event in ‘U 1is independent of a
prior dynamical event T earlier
¢c. The basic dynamical event in a liquid consists of a
rigid core encounter followed by gquasi-Brownian motion
in the rapidly fluctuating force field of the sur-
rounding molecules.
The analysis yields integro-differential equations for the sin-
glet and doublet distribution functions; the hard core contri-
bution leads to an Enskog=——1like modified Boltzmann collision
kernel, while the fluctuating force component gives rise to a
Fokker-Planck term characterized by a friction coefficient
defined by the soft force only.
The consequences of the Rice-Allnatt theory for the
special cases of the ion mobility, thermal conductivity and shear

11-15

viscosity have been examined by Rice and colleagues. For

11. %. gagis, S. A. Rice, and L. Meyer, J. Chem. Phys. 37, 947
1962). —

12. %. gagis, S. A. Rice, and L. Meyer, J. Chem. Phys. 37, 2470
1962).

13. ?. gagis, S. A. Rice, and L. Meyer, J. Chem. Phys. 37, 1521
1962).

14. L. Ikenberry, S. A. Rice, J. Chem. Phys. 39, 1561 (1963).

15. B. Lowry, S. A. Rice, and P. Gray, J. Chem. Phys. 40, 3673
(1964).
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simple dense flulds all the cases cited good agreement with exper-
iment 1s obtained. At present, it appears that the Rice-Allnatt
theory provides a fairly good qualitative and quantitative descrip-
tion of linear transport processes in simple liquids; but the
truth of thils statement can only be fully ascertained when ade-
quate equilibrium data become available. The agreement between
theory and experiment cannot at present be fully judged because of
the lack of accurate equilibrium palr correlation functions.

There have been other attempts to describe the transport
processes in a dense fluid. Rice and Kirkwoodl6 have developed
a small step diffusion model and Gray17 has developed a con-
flgurational relaxation time model to describe these processes.
Both of these approaches are in fairly good agreement with each
other. They predict transport coefficients in fair agreement
with experiment. Again, the comparison of theory with experi-
ment suffers from a lack of precise equilibrium pair correla-
tion functions. It is possible to extend the small step dif-
fusion model somewhat further than has been done in the past,
since quantities such as the mean square force on a particle
are now available from measurements of isotope separation

factors.18-2o Thus, knowledge of the pair correlation function

16. S. A. Rice, J. Kirkwood, J. Chem. Phys. 31, 901 (1959).

17. P. Gray, Mol. Phys. 7, 235 (1964).

18. G. Boato, G. Casanova and A. Levi, J. Chem. Phys.37, 201 (1962).
19. G.Boato,G. Casanova,and A. Levi, J.Chem. Phys. 60, 44 (1963).

20. G. Boato, G. Casanova, and A. Levi. J. Chem. Phys. (to be
published).



may be completely circumvented. Furthermore, one may now avold
the very tenuous assumption first made by Rice and Kirkwood that
the pair diffusion tensor 1is equal to twice the singlet diffusion
tensor. It 1s also possible to use this model to calculate the
transport coefficlents for a liquid which has the idealized
potential used in the Rice-Allnatt theory.

The objectives of this thesis are: 1) to extend and
comment upon the small step diffusion model of Rice and Kirkwood,
2) to apply the Rice-Allnatt theory to fused salt systems,

3) to consider the possibility of casting the Rice-Allnatt
theory into a Fokker-Planck representation, and 4) to explain
the recent computer experiment by Rahman on Argon by an appeal

to a non-Markovian theory for the regression of fluctuations.




CHAPTER I
THE MODIFIED RICE--ALLNATT EQUATION

1. Introduction

A theory of transport processes in liquids systematically
developed from the Liouville equations was first formulated by
Kirkwood.5 The fundamental assumption of this theory 1is that,
while the phase of a small number of molecules is, in general,
a complex random process, the phase, or a functionlof it, can
be treated as a simple Markov process if it 1is smoothed over a
certain time interval T

The physical properties of gases are such that molecules
can be said to undergo collisions with other molecules, and that
between collisions they move freely. If a time can be chosen
in such a way that it 1s long compared to the duration of a col-
lision, but much shorter than the average time between colli-
sions, then the random process can be treated in the binary
collision approximation, and the Boltzmann equation is

21

retrieved. This approximation i1s best when the gas 1is dilute.

When the gas is so dense that the probability of three or more

molecules interacting during the Interval becomes significant,22

21. J. G. Kirkwood, J. Chem. Phys. 15, 72 (1947).

22. S. Chapman and T. G. Cowling, The Mathematical Theory of
Non-Uniform Gases (Cambridge Unlversity Press, Cambridge,
England, 1939).

10
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then correctlons to the equatlion must be found; only 1in the
case of a fluild of rigid spheres 1s the binary collision épproxi—
mation rigorously correct for all densities, because the duration
of a collision 1s vanilshingly small.23

On the other hand, the liquid state is such that every
molecule 1s continuously interacting with several others. 1In
this case it was assumed that the momentum changes were small
and frequent, so that the molecules could be said to behave as
Browlan particles to a first approximation, their phase dis-
tribution functions satisfying Fokker-Planck equations. This
approximation has often been criticized on the grounds that it
restricts the possible interactions to those involving small
momentum transfer, while it is known that molecules must under-
go large momentum changes during the frequent interactions in
which they approach closer than the minimum of the palr poten-
tial well.

In a recent development of the theory of liquids, Rice
and Allnatt?210 nave described a model in which the palr poten-
tial 1s idealized as a hard core with a superimposed soft poten-
tial. The statistical features of the interactions are separated
into binary hard core collisions, treated by means of a modified
Boltzmann collision integral, and soft forces which are assumed
to produce a quasi-Brownian motion. The numerical calculations
of transport coefficients which have been made for this model

are within a few percent of experiment, whereas those made wilth

23. S. A. Rice, J. Kirkwood, J. Ross, and R. W. Zwanzig,
J. Chem. Phys. 31, 575 (1959).
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a pure Fokker-Planck equation only reproduce experimental data
within a factor of 2. The Rice-Allnatt model, therefore,
appears to give a fairly accurate picture of molecular inter-
actions in a 1liquid.

In this chapter we attempt to throw light on the precise
way in which the Rice-Allnatt theory 1s superior to the simple
Fokker-Planck approach. 1In Section 2 of this chapter we show
that the assumption of Brownlan motion in the Kirkwood theory
is too strong a statement of the mathematical approximations
made. In fact, the Boltzmann collision integral can be replaced
by a Fokker-Planck operator in a dilute gas. Thus, the Fokker-
Planck operator can describe the large momentum transfers
occurring during collisions in a gas, and the question arises
as to why it cannot also do this for a liquid.

The effect of the hard-core collisions in the Rice-
Allnatt model is to introduce a modified collision term such as
that which appears in the Chapman-Enskog description of a dense
gas. This can be separated into a term formally identical with
the Boltzmann collision integral for a dilute gas, and a cor-
rection term, which represents the effect of local inhomogeneties
in the density. In Section 3 of this chapter we assume that the
pure Boltzmann term in the Rice-Allnatt equation can again be
replaced by a Fokker-Planck operator with an effective friction
coefficient g e which then combines additively with the soft
friction coefficient g g The kinetic transport coefficients
are calculated from the modified Rice-Allnatt equation, and com-

pared with the results obtained from the original equation. It
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1s concluded that the Fokker-Planck equation can describe not
only the soft rapidly fluctuating forces, but also hard core
binary collisions of a grazing character. It cannot, however,
describe the head-on collisions which predominate when the system
is so dense that grazing collisions are inhibited, and which are
accounted for by the correction term.
2. Relation Between the Fokker-Planck Operator
and the Boltzmann Collision Integral
The Fokker-Planck equation for the distribution function

f for the phase (r,p) of a particle is

%f + M—'f'vr-g + ._)_(VP;

= 3% Lwp-w)f e kTvf ], )

-

where X is the average force to which the particle is subjected,
u is the average velocity at’g, and S 1s the friction coeffi-
clent. In order to discuss the case of a dilute gas, we first
review the conditions under which Eq. (1) is valid. We sometimes
find it convenient to refer to the phase (r,p) as a (multidimen-
sional) random variable, which is its general meaning in the
theory of random processes.

Prior to the development of the theory of liquids by
Kirkwood, Eq. (1) was derived by considering a model of the

Brownian motion of colloidal particles. In order to derive the
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equation 1t 1s necessary to assume that (a) the randomizing
mechanism (fluctuating force acting on the particle) is not
affected by the value of the random variable (and hence the
random variable is a Markov process), (b) the time scales of
the correlation of the fluctuating force and of the momentum,
”tﬁ,and 'm/S , respectively, are so widely separated that a

time C  can be chosen such that

T. << T << m /g

and (c) the average force is a sufficiently slowly varying func-
tlon of position that the particle does not experience signifi-
cant changes in it during T . 1If the fluctuating force is a

stationary process, then the changes of the random variable may

be written

il (2)

with no explicit dependence on the time, but only on the length
of the interval T The superscript 1 denotes the partial
ensemble average; the particle has the same initial phase in
each member of the ensemble. Terms in higher powers of T~

than one are small if -%Jt’<:< 1, i.e., subject to (b) above.
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These are well-known features of the theory of Brownian motion,
and we mentlon them here in detail because they are all true of
Kirkwood's theory of liquids. However, the derivation of Eq.
(1) in the latter theory is made from the Liouville equation,
and the assumption that the processes are Markovian is made at
a late stage, and not as a starting point. Consequently, we
are able to analyze further the nature and validity of the
assumptions than is possible in the former case.

The process of obtaining equations satisfied by the one-
and two-molecule distribution functions may briefly be described
in the following way: The distribution function for the iso-
lated N-molecule system satisfies the Liouville equation, and,
because of the equations of motion of classical mechanics, the
phase of the system at any time 1s uniquely determined by the
phase of the system at any other time. Thus the random variable
(;1, Loy -vees Iyo P15 Doy ""’~£N) (the phase of the whole
system) is a simple kind of Markov process, and 1n generail,
the projections of this variable onto the subspaces of one and
two molecules (;1,_21) and (gl, 22,‘91,_pz),respectively, are
much more complicated processes than Markovian. Kirkwood's
postulate was essentially that a time interval ¢ existed
satisfying (b) above, over which these variables, or functions
of them, could be smoothed or coarse grained, such that the new
variables, or functions, would be Markovian.

In the course of the analysis, one obtains the now well-

known expression for the friction coefficient
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S = s |98 S ds' KR ) Ftersn > ()

° o

Fl(t) 1s the lnstantaneous total force on Molecule 1 at a time

t, so that the integrand is the time correlation function of

the force

<E@)F(tes)y=

O
.

! (|‘N-l)
ﬁﬂdﬁdﬁg F®R)E(R)

where fO%N"l) 1s the distribution function of all the other
molecules conditional on the fixed initial phase of molecule 1.
R denotes the position vectors of all molecules at time t, and
with subscript-s' at time s' later.

In order to carry through the derivation it is necessary
to assume that the environment of the molecule, or palr of mole-
cules, 1s in a stationary condition, i.e., that f(l/N_;%%is

independent of t. One should, therefore, have, for example,
<E(t) 'ﬁ—(t#s)>} <F"(f)'~P'(t +S)>

Independent of t, that is
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o
5t <—P'(t);6 ('t4—3)> =0 (L)

'3 —
S K F () Flews)) TO
Se SR Flees)) (5)

Performing the differentiation in Eq. (4) explicitly, we have,

using the notation F(t) = ;%—E = E(t)) where F, 1is the force

1
acting on particle

a - .
2 SR Blteg)) = CREeY-prees) > + <_5 ). Plevs) D= 0 (6)

For s = O, Eg. (6) becomes

<Riorprerey + <RI-Rers)) -

= 2P F)y =0

Differentiating Eq. (6) w.r.t. t for a second time yields
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LR ‘e s
59;& <R) Rlt+sID= <5(t).£(t+s)> + <RI Pltrs)

. . (8)
+ 2XP ) Pltrs) Y = O

or
<j (t)eR(trs)S + <P (t)c__i’,.(“s) > = - F)F ttes)) (9)

In a stationary system it can be proved that a fixed ensemble

average of a random variable 19} must have the following property.

<P'({:+S)>' = <ﬁ(t-$)>' (10)

That 1s the momentum correlation function must be an even func-
tion of time. Furthermore, since the momentum correlation
function in a stationary ensemble is independent of the origin
of time, by definition, we can shift the origin of time from t

to t-s, and get

<R Rtes) ) = <B(t-3)‘:_P‘,(t)>‘ 1)
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Substituting Egs. (10) and (11) into (9) 1t is found that

..
L]

URW P leedy = =2 <R )-F (rs)D (12)

The identity %ﬁ? pl(t + 8) = ;gg-pl(t + s) may be substituted

in Eq. (12), yielding the result

S,_(P(’c) Rlers))y = = <HW-Flers)) (13)

Perhaps a more explicit derivation of Egq. (13) may be
achieved through a discussion of the Liouville equation. As is
well known, Liouville's theorem states that the N-particle
distribution function fgﬂ) obeys a continuity equation in the

complete phase space of the system.

(N)
e g

t

¥

I

Qo

where

(14)
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my 1s the mass, and Ei 1s the total force acting on particle 1
when it is at position Bi’ moving with momentum_Pi. The factor
i 1s introduced to make the operator L self-adjoint. This last

property 1is well known. We operate on jfl(t) with L to find

that
and
P =- Puw
B (16)
Thus

<B.(t)‘-f"(t+8)> = — < (C‘B(t)) .B(t,_s)> (17)

and when the self-adjoint property of L 1s exploited 1t is
found that

<£7:(t)-f'(t+s)>= <ﬁ(t)'E(t+s}> (18)
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Thus Eq. (9) becomes, on insertion of Eq. (18)
<R Prevs)> = = <RW)-F(t+s)) (12)

which 1s precisely Eq. (12) and Eq. (13) follows from this in
the same way it did before.

From Eq. (12) another interesting relationship which
will be used in the future may be found. When s = 0, Eq. (12)

becomes

<RI R)> = - <) Et) )

(19)
.o e
P (t) =o%;5‘”5 (2.9 )Fw
This yields on insertion into Eq. (19)
“<E(’C)‘f.(t)> = = <r3“(t)-(E,(t)'\7R‘)E,(t>>
P . t
= _:-“—<(;;_“_.VR|)B E( )> (20)

i

CREIRW) . F Fie)

L
m

Certain statements may be made about the right hand side of

Eq. (20). This average may be written out in component form.
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Here, let 1 and J each represent the three cartesian components

of the vectors, then

{RIIRW)LY

The brackets indicate an equilibrium ensemble average. All
terms which have 1#j disappear as the integrand in the ensemble
average of the momenta then becomes odd. Also, since the parti-
cular systems with which we shall deal are isotropic, the 1# J
terms for the gradient will vanish. Thus Egq. (21) becomes

<E(t)ﬁ(t)2vk.5(t)> = <(P(£)-PLt)) % F ey

(22)

Furthermore, the configuration and momentum averages can be

performed separately. From the equipartition of energy,

<P () RW)y = 3mkT
and

<P,J(t)P,J(t)>= MKT
and from

VR,'E(JC) - _VRTU
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where U 1s the potentlal energy of particle 1 due to its inter-

actions with its surrounding. Thus 1t is found that

CREVFE®D = kTR U D (23)

In terms of the normalized momentum correlation function,

defined by

Wis) = s <R Rees)> Wioy= 1

Eq. (4) and (5) become

Yio) =
{{.’(s)

(24)
s KT <Ft) Fltrs))

From Eq. (3) and (24), the expression for the friction coeffi-

clent now becomes after integration

I — Y1)
T (25)

Sim =
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Clearly 1if one 1s to be able to obtain a friction coefficient
independent of T , then there must be a range of T for
which HlT)~ | - _E"C’ + ©OTY) . 1In other words, one has again

the conditions (b) and (c), namely

Yiry= expl-(3/m)T ] 1f 2 <cT<< "/

The meaning of QfF here is primarily the temporal extent of the
flat top of\PQtﬁ?'a} represents the magnitude of times for which
the motion of a molecule 1s coherent, i.e., predictable from a
knowledge of 1ts momentum, and the force on it, at time s = O.
It is easy to see that Eq. (25) is just a restatement of

Eq. (2). For example, we have

<Af.>l =<P,('C)—f,(o)‘>=: <B('c)>' — P (o)

—

= [ We)- 1] Rt - & SR « O

Eq. (2) states that the average increments in momentum in a
short time T must be proportional to 2 . This is almost
trivially true for colloidal particles, since these are so
massive compared to the molecules with which they interact, that
the behavior of individual particles is close to the average
behavior. On the other hand, these relations should be satis-

fied for other systems provided that two time-scales can be
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identified, which differ by some orders of magnitude and possess
simlilar physlcal significance.
As an example, consider the dlilute gas. Here two wildely
different time scales are easily identified as the duration of a
collision T . and the mean free time "Cf, so that an interval

Lo d
C may be chosen to satisfy

T <LTLLT, . (26)

The duration of a collision T c may be interpreted in much the

same way as T namely as a time in which the motion of a

o
molecule 1is predictable from a knowledge of its initial momentum
and the force on it at the initial instant. For times longer
than 7?0, a second collision may occur, completely uncorrelated
with the first, so that the extent of the flat top ofﬂqf- will
be defined by ?jc' At the other end of the scale the mean

free time T may be interpreted as the decay time of 1+r

i
since the momentum after a second collision is almost uncor-
related with its initial value, except for a small persistence
effect, and the free time has a probability distribution similar
to that for free paths ’C}'lexp(—t/h:fJ.

Since the phase distribution function for the dilute gas
satisfies the Boltzmann equation, the foregoing discussion
indicates that the Fokker-Planck operator (the right hand member
of Eq. (1)) is equivalent to the Boltzmann collision integral.

We do not give a derivation of this equivalence here since it
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has been consldered 1n detaill elsewhere,gu’25

and explicit
forms for the frictlon coefflclient for a dilute gas have been
glven by O'Toole and Dahler.26 It 1s sufficient to point out
that both the Fokker-Planck and Boltzmann equations may be
derlved from the Markov integral equation by different treat-
ments, but that this 1s not sufficient to establish their
equlvalence for a particular system; 1t 1s necessary first to
establish the foregoling physical arguments.

It seems unlikely that conditions (b) and (c) are
satisfied for a dense gas or liquid. There is evidence from
the scattering of thermal neutronsg7 and from recent computer

8 that~qj has the form of damped oscillations.

experiments2
It will be seen in Chapter IV that this behavior can be accounted
for by a non-Markovian theory for the regression of fluctuations.
There 1s also evlidence that oscillations occur in \V- even 1in

a rlgid sphere fluid at sufficiently high densities.29 On the
other hand, there 1s no reason apparent at the present time why
the influence of the soft N-body force cannot be regarded as

leading to a quasi-Brownian motion; this only requires that

Eq. (2) 1s satisfied by momentum increments due to the soft

24. E. A. Desloge, Am. J. Phys. 31, 237 (1963).
25. J. Enoch, Phys. Sl.3, 353 (1960).

26. %. g.)O'Toole and J. S. Dahler, J. Chem. Phys. 33, 1496
1960).

27. P. Egelstaff, Advan. Phys. 11, 203 (1962).
28. A. Rahman, (private communication).

29. T. Wainwright and B. J. Alder, Nuovo Cimento Suppl. 9,
116 (1959).
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force, and does not 1lmply that the molecules are Brownlan
particles 1in any other sense.

The foregolng discussion of the equivalence of the
Boltzmann collision integral to a Fokker-Planck operator under
certaln circumstances, can be interpreted as a statement of
purely mathematical content. Thus, the properties of the Rice-
Allnatt equation should differ from those of a Fokker-Planck
equation only because it includes the contribution arising
from the modified Boltzmann term due to inhomogeneities in
density. We therefore propose to study the properties of the
Rice-Allnatt equation by modifying it to a Fokker-Planck
operator, with a friction coefficient combining the effects
of the Boltzmann term and the original soft-force Fokker-Planck

operator, and the correction term only.

3. Solution of the Modified Rice-Allnatt Equation
The modified Rice-Allnatt equation described in the

previous section is

o@f_m= Jo + S f (27)

where

oy T Fen
Df - 5T m VT e X d

{0

(28)
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(&9) -t) =)
\Tl--— 30 (G')SS[ ,[(5,5-A_ﬂ;t)sﬁ.vm(m)&_e&;{)

(29)
= ) -0
* g(_['.,f,;t)S‘E-V}';(‘:L&;fﬂ(%‘)bdwaih
and
M ~0 £ e
Qe = %'[(m"ﬁ,-g)ﬁtlk'r\z,.f )] (30)

where go(e)(s ) 1s the equilibrium pair correlation function,
S , the diameter of the molecules, S » the total friction
coefficient, k, a unit vector which defines the position of
molecule 2 with respect to molecule 1 at their distance of
closest approach, b the impact parameter and azimuthal angle, €,
describing the scattering prooess,%fplgl the relative speed of
particle 2 with respect to particle 1, and f(l) the singlet
distribution function. The pure Boltzmann collision integral,

usually denoted by J has been replaced by a Fokker-Planck

1’
operator, with friction coefficient

S = S.‘ N ~Ss

(31)
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where g g 18 the soft frictlon coefficlent of Rice and Allnatt.
To obtaln a solution of Eq. (27), a perturbation pro-
cedure 1s used in conJunction with an expansion in terms of
certalin eigenfunctions of the Fokker-Planck operator. We write
the phase distribution function of a single particle as the
product of the zeroth order (local equilibrium) singlet distri-

bution function and a perturbation, viz,

£y = JC“C)"(‘ - ),

where fo(l)(l) is the Maxwellian distribution, and Qi is the

perturbation to this distribution;

-3)a

Fy o QT e [ (R ) B ]

(N = s
> (33)

If Eq. (32) is substituted into the left hand=-side of Eq. (27)
and the space gradients in ﬁl are neglected, we find, after

using the hydrodynamic equations

X vt Ve ()
ot (34)
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r:-g‘vqg—vvqp s L X, (35)
’a—r — o . — ‘_1_—1{- -a-—-—P .
St T T CV(E >fVﬂ ¢ (36)

(which are obgained by multiplying Eq.
1Y

m, pl, and —%ﬁ and integrating over the phase space of particle

(27) successively by

1) to eliminate the space and time derivative of the volume per

molecule UV

» the local hydrodynamic velocity & , and the

local temperature T, that the streaming term is

@:((?)(l + @ )

- I {12 %%(2}—%(-} -W.l)g}!V.-,,L_t (37)

- (’%ﬂ')/z{% roT- W,l)z WiV Lo T

'[2
where W; =(1n—',\;1-> (—,’,‘E—g__‘ is a dimensionless

peculiar velocity and b = Eiﬂi - % ng is the traceless

dyadic of W,. The quantity f 1is the mass density, =,
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CV 1s the specific heat at constant volume per molecule, and p
the hydrostatic pressure. It must be added that the equations
of change (34), (35), and (36) are derived by considering the
distribution function to be Maxwellian. This is the procedure
used in the Chapman-Enskog solution of the Boltzmann equation.22
The term J, in Eq. (37), which we shall henceforth call the
excluded volume term, may be handled in the steady-state approxi-
mation by analyzing the hard core dynamics in detail. We omit
the details of our calculation, and merely indicate where they

can be found.10

J’g g (q){(",:js)(?_;“l')"Y—f*'OaT—3W'L)Y_’u'Vq9'"T

) IEICRUDITRE 1Y A >

wo~

The streaming term and the excluded volume term in the final

equation may now be combined

“26‘)] (Sut )V [ (%7 1 -u) :F(“R)

(39)
T 50 ] KT T e L e
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where

(40)
e -~ a
v (_i + 100LT = 3w, )}A_}, ]
and
_ —“3 _._- v DF 2 3 2
—l._; = gp( ) (g:“(c_){lg"' [C'J’ (aT)f 3’](2_ \A)| gg
(41)

The equation can be rewritten in the following form after first

transforming from F  to W, on the left-hand side,

B [erpl W) %@ ]= K7 T

(42)

where

{3: {(§H+§S)/j?%€)(gmk1-)u.j
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and

2/2
K' = K v (2wmkT)

and

a a
L v (armeT ) (m]2kT)

N
i

(45)

From the linear form of Eq. (22), it is seen that the
perturbation function can only depend upon the temperature

gradient and the velocity flow gradient. This suggests the

form of the solution to be
s V- W

~ (46)

The Auxiliary conditions

S K df, = o, (47)

~ (48)
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(Lo e (57 -u]dp =0 (49)

are imposed on the perturbation function to insure that ~§ ,

W , and T are the local thermodynamic variables. The func-
tions K and L in Egs. (40) and (41) are the same as those that
appear in tﬂ; Chapman and Enskog theory of the dense gas. There
is a theorem due to Hilbert30 that the inhomogeneities in a
Fredholm integral equation must, when multiplied by the solu-
tions of the associated homogeneous integral equation and
integrated over the argument, give zero. Thus, since mass,
momentum, and energy are the solutions of the associated homo-
geneous equation for the dense gas, we have the following ten

conditions on K and L:

where M = K or

|
ue

30. See, for example, R. Courant and D. Hilbert, Methods of
Mathematical Physics (Interscience Publishers, Inc., New
York, 1954), Vol. T.
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Our inhomogenelties conform to these condltlons.

tion (42) may now be separated into
—w*)w, A, ] = K’
3 Vxﬁ’ [:Guxf’( ' w, = N

and

BVw,‘Ye/xF (‘th)vw' [f:u ]

|
R

Equation (51) can further be separated into

L:/ - u)’ . Li

—
———

where

[l/j (6‘)](\+ C %P(_w )b

and
tt)'

Y_D/? cc)] exp(- W, )(_-W )

Equa-

(50)

(51)

(52)

(53)

(54)
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In Egs. (53) and (54),

)

2)
C: Cj(o (6) (‘4;3:

Thus B, may be separated as

@, - B:‘)-\— B('a)g

— ———
"——

and Eq. (51) becomes

B %y Lexp (-w*) v, f_:’g_‘.') ]

N

and

B vW‘ . [%F(" w‘:. ) Vw‘ B:‘-) ] - l_“‘)

1
The inhomogeneities K', L(l)

=~

(55)

(56)

(57)

(58)

(59)

1
R L(E) , may be expressed
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in terms of the Sonine polynomials in ng, S 3/(m) s Ss; (m),
N
and S"&(m)’ respectively, as

K'= - LexpC-Wi) /e fioC™+ 1)(ee= 1) 512

(60)
(3¢ +|)\S3h ]\ﬁ/_'
l-‘-‘)'_ S Y to)
g T - ?/;(P(—WI )Ss,z b
(61)
and
LL)
- ED/? ) ]enp (W) S, (62)
where
’ ta) 1“_6.3) L C
C'=9 ) (5% /] ° 5
(63)
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where

‘a L
tn) (") (m-rﬂ)! }
S, (%) = Z m;)g(m—p,\)gx

)y, 5. (my

Now 1t may be shown that the polynomials 33/2 17 Sgyy

and S (m) are, when multiplied by exp(-W 2 , elgenfunctions
1/2 1

of the Fokker-Planck operator, with eigenvalues -2 (2m+l),

-4 (m+1), and -4m, respectively, so that 4,, El(l), and Bl(z),

may be expressed in terms of these polynomials only. Thus

oo tm)
é\ = \f_\_l\ Z Ctm S;,,_(an> (6%)
m=
‘ 0) = o) () g
Bi= 22 b S, (W) (65)

and

()
B7= > ba Su (W)

msa (66)
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The relations (46), (47) and (48) impose conditions upon these
series which they must satisfy before being inserted in Egs.
(50), (58) and (59). Inspection shows that A, 1s affected by
Eq. (47), B1(2) by Egs. (46) and (48) and'Pl(l) is unaffected.
Thus we find a_ = O and bo(g) - bl(g) _ 0. Use of the orthog-

onality and recursion relations for the Sonine polynomials then

leads to

Va, [‘_v/g::()s)j + 2ol

@, = 'S’(MQ‘)

q ta,2) () )
q m /6& -+ qusslr/qmgo (6-] (67)
A, = C)) n> I
g Lol e
° - ‘5_ 20 A™R) - ) (68)
Y + LS §5U’/mg, (G)J
)
b,=°, >
and
z)
bv\. =0 J n > |
(69)

Sﬁs given by
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: SH _ Hﬂu,z) [ M‘j‘:%)(b')/?;‘!f ] (70)

where51f2’2) 1s the reduced hard-core cross section. (This is

the value derived by Chapman and Cowling for isothermal tracer

diffusion).
The solution in the linear approximation may now be

obtained from Egs. (32), (33), (42)-(46), and (64)-(69); we

do not write it here.

4. Evaluation of the Transport Coefficients

In this section the kinetic and the collisional trans-
port components of the shear viscosity and thermal conductance
are calculated. The starting point for this calculation is
the work of Irving and Kirkwood31 who derived expressions for
the stress tensor and the heat flux by identifying observable
fluxes with the ensemble average of the corresponding micro-

scopic fluxes. Their results are

N

- - -1 )
A e S A A

31. %. H.)Irving and J. G. Kirkwood, J. Chem. Phys. 18, 817
1950). T
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N
AG".U_ = - 'i‘frvrv<J¢k 5(13"?)5(2_5' "T‘)J,C(N)>d£)(72)
~ .\ T
L 2
I - - )
(j._K = %7<—m‘m'f‘& [ (n ﬁ-f})g(g—?_.); £ >,
(73)
N\ .
zv = -'fj[\/g AL <J_§,:|(m -l )Ef_r;-[)
(74)

where
(N)

<a)}.\ (~)> _ g ) .fa(g)f)§ (B)_P__) d___Rd__P)

m) -1

) <

(N) (75)

)

N\

Nk

" BO-x);

»
"

and Xy 1s the position of a field point in the fluid, Oy N
and &, are the kinetic and intermolecular force parts of the

stress tensor and ag and 217 are the corresponding parts

of the heat flux. Integration of these expressions reduces
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them to the point where only the pair distribution function
appears. The palr distributlion function may then be related
to the singlet distribution functions

ytz) _ (2) Q) f(')
(:‘/_f.;'l E)fz)"' 3 (E)SJE).PL);(:',.PJ] (_’.:"I_P_l.) N (76)

Consistent with our derivation we denote ﬁ 0(2) evaluated at
)
Ry-R, =Gk 1in Eq. (56) as 30(6‘). The resulting fluxes are,

—

after the bilnary dynamics are analyzed,

EK = - “jygff")><m'b-&)(M"f.- w ) d3, (77)

N-1) e o
Sy = B m)3° g‘”,(-'% (f:t'f.)f((:)) ;(z) Iﬂ‘lbdkdedadﬁ

e
pre—

(78)

9, = FHIFO - wl(mr-u) o
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x)
W07 310 [ (e ) (7o) (®0)

ho
1}
|

)

=0
£t (2) 'f_nfl:d'oded_@df‘

It must be remembered that the only intermolecular force con-

tribution to the fluxes that 1s being calculated is that due

to the infinitely repulsive hard core. The solution obtained

in the previous section for Eg. (32) is used in these expres-

slons and the results are compared with the linear phenome-

nological laws
G =-[pP+(39-P)% u [U+27E (81)

and

where p 1s the hydrostatic pressure, 72 the shear viscosity,
? the bulk viscosity, é the symmetrized rate of strain
tensor, and K the thermal conductivity. By comparing the
microscopic fluxes calculated above with (81) and (82) the
transport coefficients may be identified. We represent the
kinetic part by a subscript k and the hard core part by a

subscript v .




Ly

The transport coefficlents are written in terms of
the coefficlenct which appear in the perturbation to the

Maxwellian distribution

R =A% 8T 4 Bt v U= oS0 (W, ¥, T

(83)
+ b:’ S;::(M):)__b euw
They are
o =~ ( gﬁt‘)tﬁ)
(84)
T )/ 2are3 a) 3
N = (SF )(isv )3: )E:
(85)

' (86)
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T Py m Va
m ———— #4
sz 'i: (Tv )( m ) 2«1‘) o (87)

(88)

We may immediately write the transport coefficients from the

modified Fokker-Planck equétion which we have solved in Sec-

tion 3. These are
x)
'Q - Lt [_l/?r 6) ] Ltg
K -5: (1,1) %) )
- [s39/m9l%) | (89)

4G

Dy = ST [/‘3(1)“")] = (qmg)juk)

_:l-. 3 ty;2) [S:{Sv-/m9 (5)] /15Y
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2w

¥ = 75 KT LY, ‘5)] __s¥
K~ 8 m R [qs‘fv/qmg o) | (91)

zﬂb'

_ 75, [I/ ) ] —i-s-s (‘_%-
K 8 ’Fnj: /gjf ’1) [qgfsv/qmﬁo(?wj ( )3°( )(92)

5. Discussion

The relation of the Rice-Allnatt theory2’1©

to other
theories of dense fluids may be studied on the basis of a
comparison of the expressions given by these theories for the
transport coefficlents. Since for all the theories the trans-
port coefficients may be expressed in the form of Egs. (84) to
(88), it is sufficient to compare only the coefficients a;s

o, (M), 5 (@),

2

There are displayed in Table 1 for (1) the

dense fluid hard-sphere fluid,32 (2) the Rice-Allnatt

theory,g’lo

(3) the modified Rice-Allnatt theory of the pre-

sent paper, and finally, (4) the pure Fokker-Planck theory of
Kirkwood.5 It should be noted that the last mentioned coeffi-
cients are obtained when the inhomogeneities_g and L are

—

derived entirely from the streaming term Eq. (37).

32. C. F. Curtiss, "Kinetic Theory of Gzses", OOR-3 (January
1953).
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From the 1ntroductory discussion of the Rice-Allnatt
equation, 1t 1s clear that the coefficients (2) should be of
greatest generality, and this 1is evident from Table 1. It
should be noted also that the same structure 1is exhibited by
the coefficients from the modified theory (3), though with
some differences 1n the numerical coefficients which are
mentioned again below. The coefficients (1) for the dense
hard sphere fluid differ from those of (2) by the omission
of the soft friction term in the denominator, while those for
the pure Fokker-Planck equation (4) differ from (2) in that
the excluded volume term in (33 is not present in the
numerator.

The appearance of differences in the numerical factors
upon comparison of the Rice-Allnatt coefficients and those
of the present paper require comment. It was argued in
Section 2 of this chapter that the Boltzmann collision inte-

gral for a dilute homogeneous gas (i.e., no J, term) is

2
equivalent to a Fokker-Planck operator, and this concept was
extended to the formally identical term in the Rice-Allnatt
equation. It must be pointed out, however, that this equi-
valence is only exact if the friction coefficient possesses

the momentum dependence implicit in the Boltzmann term. This
momentum dependence has been thoroughly investigated by O'Toole
and Dahler,27 but the functions they obtain are so complicated
that no attempt has been made to incorporate them here. The

effect of this momentum dependence, had it been incorporated

in our calculation, would have been to alter the weighting
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of different momentum ranges in obtaining the solutions to
the equations, so that different numerical factors would
appear multiplying 51(2’2) in the solutions for the heat
flow and shear parts of the equation. We suggest, but with-
out proof, that this is the reason for the observed differences.

The coefficients a_(n 1), bn(l)(n> 1), bn(g)(n>l)
(cf. Egs. (67)—(69)) in the solution of the Chapman-Enskog
equation and the Rice-Allnatt equation do not vanish, as ours
do, because the functions of W, used in the series expansions

—1
of A and_§1 are not eigenfunctions of the Boltzmann collision

-1
integral. However, they are usually assumed to be small.
Insofar as the equivalence of our modification of the Rice-
Allnatt equation to the original equation is established by
the close similarity of the expressions for the transport
coefficients, the fact that we find that these coefficients
vanish Is a strong indication that they are indeed small for
the original equation.

We conclude, then, that a Fokker-Planck operator can
describe, not only soft rapidly fluctuating forces, but certain
types of hard core binary collisions; namely, those satisfying
Conditions (b) and (c), and Eq. (5), of Section 2 of this
chapter. The omission of the excluded volume terms from (4)
shows that the Fokker-Planck operator cannot describe those
collisions influenced by the inhomogeneities in density

represented by J In other words the Fokker-Planck operator

o
can describe binary collisions in which a large fraction have

a grazing character, but cannot describe the predominantly
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head=-on collisions which occur when a system 1s so dense
that grazing colllsions are inhibited. Thus the role of hard
core colllsions in the theory of liquids 1s to emphasize the
importance of collisions resulting in large angle deflections,
and this is accomplished by taklng account of the fact that

the presence of hard cores reduces the available volume.



CHAPTER IT
SMALL STEP DIFFUSION MODEL

1. Introduction

The major concern of the statistical theory of trans-
port phenomena in dense flulds 1s the accurate calculation of
the macroscopic fluxes of energy and momentum from the purely
microscopic properties of the molecular system. Dilute systems,
such as rare gases, have been successfully treated using the
Boltzmann equation of transport.22 This equatlon can be solved
by the methods used in the previous chapter. The propérties
of the Boltzmann equation are well understood,33 and its
derivation has been carried through using statistical consid-

1,21 The Boltzmann equation correctly represents the

erations.
molecular dynamics only when the density 1s sufficiently low
that individual molecules spend a large part of the time moving
about freely; that is, when molecules spend a very small part
of the time interacting with other molecules. When thls is
true, the number of three body interactions is infinitesimally
small compared to the number of two body interactions, and the
transport properties of the gas may be accounted for simply

on the basls of binary interactilons.

In sharp contrast with the dilute gas, the dense fluild

33. H. Grad, Comm. Pure Appl. Math. 2, 331 (1949).
51
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consists of molecules which are in continuous interaction with
their neighbors, and the simplicity of transport by binary
collisional transfer of momentum and energy 1is completely lost.
To account for the transport phenomena in these fluids a method
which is radically different from that used to understand dilute
systems must be adopted.

One very successful method for predicting the transport
coefficlents has already been mentioned. Starting from the
Liouville equation, Kirkwood derived a set of generalized

5 to describe the evolution in time of

Fokker-Planck equations
the reduced distribution functions. In the course of his
analysis he obtained an expression relating the friction
coefficient to an integral over the autocorrelation function
of the force acting on a single particle. The entire analysis
was gulded by ideas from the stochastic theory of Brownian
motion.34’35’36 Irving and Kirkwood then derived statistical

31 These formulae

formulae for the transport coefficients.
were used in conjunction with the moments of the Fokker-Planck
equations for the computation of the shear viscosity, and the
thermal conductivity of liquid argon. In order to perform the
computations accurate pair correlation functions are needed.

There have been a few attempts to obtain these functions by

neutron or x-ray scattering experiments, but the accuracy

34. G. E. Uhlenbeck and L. S. Ornstein, Phys. Rev. 36,823 (1930).
35. S. Chandrasekhar, Revs. Mod. Phys. 15, 1 (1943).

36. %. ﬁ.)Wang and G. E. Uhlenbeck, Revs. Mod. Phys. 17, 323
1945} .



53

of this work leaves much to be desired. The extant theories
are very approximate. When the palr correlation functions
obtalned from theory and experiment are used to calculate the
pressure or heat of vaporization of argon liquid it is found
that there 1is very poor agreement wlth experiment. In fact
these functions give such poor pressures that one is tempted
to pay no attention to them at all. Since the transport
coefficlents can be computed only if these functions are
known, one 1is hard put to test any theory of transport in the
dense fluid. Kirkwood and co—workers37 attempted to improve
the palr correlation functions by introducing parameters into
them which were subsequently adjusted to give the correct
pressure and heatt vaporization. The thermal conductivities
and shear viscosities computed by this method were in error

by roughly a factor of two.

Kirkwood's equation was then criticized for neglecting

the strongly repulsive interaction which takes place when

two atoms come very close to one another. This led Rice and
Allnatt”’ 10
events in a dense fluid. They argued on the basis of an

ldealized intermolecular potential. To represent the highly

repulsive interactions between the particles they chose a hard

core potential and to represent the soft interactions they chose

a superposed Lennard-Jones potential. Using Kirkwood's time

smoothing techniques, a set of integro-differential equations

37. R. W. Zwanzig, J. G. Kirkwood, I. Oppenheim, and B. J.
Adler, J. Chem. Phys. 22, 783 (1954).

to introduce thelr model for the important dynamical
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were derived which we shall call "modified Fokker-Planck"
equations or Rice-Allnatt equations. These equations describe
the motion of a particle on the basis of two widely separated
time scales. A particle 1s imagined to undergo a hard core
Interaction of zero duration with a neighboring particle,
and then to suffer small momentum changes and thereby perform
a sort of Brownian motion in the fluctuating force field of
its neighbors. Thus the Rice-Allnatt equation consists of
two parts; one corresponding to the hard core encounter--
an Enskog term, and one corresponding to the Brownian motion--
a Fokker-Planck term. These equations, as has been said
before, are quite successful in accounting for the transport
coefficients of argon, krypton, and xenon.

The Rice-Allnatt equation has again been modified,
with some success, as has been thoroughly explained in the
preceeding chapter. On the basls of this work the failure of
Kirkwood's original equation 1s fairly well understood.

In all this work, many approximations have been made.
Although these approximations have recently been put on a
firmer basis by the computer calculations of Rahman,28 as we
shall see later, it 1s indeed interesting to explore another
model first proposed by Rice and Kirkwood;38 that 1is, the
small step diffusion model. This model will be considerably

amplified and some of the more tenous, and in fact poor,

approximations will be eliminated.

38. S. A. Rice, and J. G. Kirkwood, J. Chem. Phys. 31, 901
(1959).
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Starting from the exact statistical mechanical equa-
tions, Rice and Kirkwood assumed that: (a) the gradient of
the pair interaction potential between molecules at time t + s
can be expanded in a Taylor series about the gradient at time
t, and terms higher than the second may be neglected, (b) the
disfribution in pair space may be approximated as the product
of the local equilibrium pair correlation function in coordi-
nate space and the zeroth order distribution function in
momentum space, and (c¢) the diffusion tensor in pair-space
may be approximated as the direct sum of the diffusion tensors
in singlet space.

We shall eliminate assumption (c¢), which is a very
poor assumption for dense systems indeed. It should be added
here that in (c) a tacit assumption is made that the doublet
diffusion coefficient exists, an assumption that must also be
made here. This need not be true. Thils theory shall be used
In conjunction with the modified Lennard-Jones potential.
Furthermore, the hard-core friction coefficient shall be
obtained by an entirely new method. The result is in entire
agreement with the Enskog equation, and is quite easily
obtained. It does not suffer from the weaknesses of previous
derivations which have invarilably assumed either (1) hard core

collisions are described by a Langevin equation,39’40 (2) by a

39. %. g.)O'Toole and J. S. Dahler, J. Chem. Phys. 33, 1496
1061).

40. ?. C. Collins and H. Raffel, J. Chem. Phys. 23, 1454
1955).
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Fokker-Planck equation,41

42

or (3) the momentum correlation func-
tion 1s exponential.
The treatment of the dense fluld presented herein has

a few advantages over the more exact treatments discussed. It
relates the coefficient of shear viscosity and thermal con-
ductivity to the diffusion coefficient and other measurable
fhermodynamic quantities, and thereby circumvents the source
of greatest error in any comparison between theory and exper-

iment--the pair correlation function.

2. The Coefficient of Self-Diffusion
We begin by using assumption (a) and (b) to determine
the self-diffusion coefficient in a dense fluid whose molecules
interact through a modified Lennard-Jones potential, defined

as follows:

V(R.) = oo R <&
(93)

Vira) = 4c [(E)= (£) [ Ruvs

Kia

The proceedure adopted here is to consider a two com-

ponent fluild containing N1 molecules of species 1 and N2 mole-

cules of species 2, interacting with potentials of intermole-

cular force Vll’ V12 and V22. Molecules of species 2 are

L1. E. Helfand, Phys. of Fluids 4, 681 (1961).

4o, . C. Longuet-Higgins and J. A. Pople, J. Chem. Phys. 25,
884 (1956). :
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considered identical to the molecules of speciles 1 in all
physical propertles except that they are isotoplically tagged.
In this case Vll’ V12’ and V22 are equal, and are represented
by Eq. (93).

The dynamical behavior of this system is completely
contained in the N-particle distribution function £(N) (r(N),
E(N), t), which represents the probability density of finding
the system point at B(N), E(N) in the complete 6N-dimensional
phase space of the system (molecules have no internal degrees

of freedo@. Here B(N), E(N)

represent the N position vectors
and N momentum vectors of the N particles in the system. The
evolution in time of the N-particle distribution function is
given by the Liouville equation.

Kirkwood,5 showed that any observable quantity may be
identified with the ensemble average of the time average of the
corresponding microscopic quantity. This statement becomes
obvious when it is realized that the measurement process of a
time dependent quantity involves the following steps: (1) a
system 1s chosen from an ensemble of identical systems, (2) the
time dependent quantity is then observed over a small interval
of time over which it is averaged, (3) this procedure is
repeated on all the members of the ensemble, and (4) the
quantity is averaged over all these measurements.

Kirkwood further showed that the time average and the
ensemble average of a dynamical variable can be commuted;

that 1s, that the order in which these averages are performed

does not matter. The proof of this statement rests on the
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fact that f(N) satlsfles the Liliouville equation. Time and
ensemble averages using lower order distribution functions
need not commute, and in general do not commute, because
these reduced distribution functions do not satisfy Liouville
equations, but rather Boltzmann-like equations in their sub-
phase-space.

The statements just made may be summarized in the
following manner. If C((B(N), E(N), t) is a dynamical

variable, then the corresponding observable is
(N) ~(N) dR(N) P(N) ('J)(N) (N) | a(‘ ) IM%
<o (R PT ) >= |- ) dRTAP™L(R" POk )L Jds ag Pl
. o

) o T (o1)
= [ [ar I URTPL (ds (RPN o)
———— — 0 -— —

where T is the interval over which OL 1s observed. T must
be chosen such that it is longer than the period of fluctuations
in the instrumental recording system. Time smoothing is used
as a formal procedure to obtain Markovian kinetic equations
from much more complicated non-Markovian kinetic equations.
The procedure consists in averaging the distribution functions
over an interval of time chosen sufficlently long that memory
of some initial state is wiped out. This procedure eliminates
transient effects from the kinetic equation, and necessarily
wipes out any possibility for a return of the system to its
initial state. Thus, irreversibility is introduced into the

kinetic equations. Nothing has to be said about the instrumental
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times. Time smoothing 1s a formal method whereby information
1s sacrilficed to simplicity. The equations obtained using this
procedure can only be used for the computation of transport
coefficients 1in steady state systems, and not for a description
of the approach to equilibrium for this requires the detailed
knowledge of the memory of the initial state which has been
sacrificed. We mention here the instrumental view of time
smoothing as it was Kirkwood's view when he first developed
the formal procedure, and it is much more concrete.

Using this prescription for finding averages, the
number density of particles of species@. at the field point

r, , at time t is

o (95)

where S(Rﬁ? C‘) is a Dirac delta function and

e

=(N) © o m) \(N) )
RGPy = A [as £ R PGers) -

1s the time coarse grained N-particle distribution function at
time t, for an ensemble of identical systems and obeys the

Liouville equation

= (N) 2 N
a? {Pnj ;—(")
= + =1Ve + Fei -V = O
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It is now assumed that the molecules in our two component fluid
interact wlth central forces only, the intermolecular potential
is a sum of palr potentials and external fields of force are

absent. Thus

a % N
Vi3 3 3 5\, (i)

p=1r o=l =i vetl (98)
where Rcu,} (3} = l EAJ - eq ,
The force exerted by Bj on oLt 1is
S v
oL Ra: e \/g (Rm',/sj )

—_ - Rej,qe, 2R (99)
and the total force acting on particle QZ, , due to the Nd_—l
other Q.. particles, and the NB/6 particles is

2 N .
SO A
F. = = (100)
Sl oL .
- =1 J—:I -
By # oL i

The mean force E?};) acting on a molecule of species
St

located at the field point r.

is
1

—

) No -
ﬁ(r.)f;m) = <2§(5(_R_..rﬁ)3fm > (101)
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Multiplying Eq. (97) by FajO(Re-G) and integrating over
the whole phase space¢18f3qfﬂ“) ylelds, neglecting inertial
terms, and terms of the order of the non-equilibrium terms in

the kinetic contribution to the stress tensor,

KTV e -Le By = o

(102)

The temperature in the non-equilibrium system is defined by an
ensemble average of the kinetic energy per molecule performed
over both components in the fluid. It is assumed that the
average kinetic energy per particle is the same for particles
of different species.

Bearman and Kirkwood43 argue that the thermodynamics
of isothermal systems in external force fields clearly shows
that if the gradient of the chemical potential at a point in
the system is equal to the external force at that point then
the system is in equilibrium. Thus by imposing a suitable
external field on our system we may establish a concentration
or chemical potential gradient which is the same as that in
the diffusing system we are interested in. By putting this
external force into the Liouville equation, Eq. (97) and
performing the same operations which led us to Eq. (102) it

is found that

43. R. J. Bearman, J. G. Kirkwood, and M. Fixman, Progress
in Statistical Mechanics (Academic Press, New York,
1958), Vol. I.
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=,0)

KT V. fots) -—ﬁ(t‘.)f; (f) = L)V Mull), (103)

= (1,0)
Here E;(7T) is the average intermolecular force acting on a

particle of species O at a field point Ty

such a suitably chosen external force is imposed. Subtracting

in the fluid, when
equation (102) from (103) yields

— ) —(1,0)

Now the phenomenological equations in irreversible thermodynamics
provide a linear relationship between the fluxes of matter in
isothermal diffusion and the driving forces for diffusion, which
are chemical potential gradients divided by the temperature.

When the phenomenological equations for isothermal diffusion in

a two component system are inverted, a relation is found which
gilves the chemical potential gradient in terms of the diffusion

velocities of the two components at r

Ve Malfi) = NS, Luw. () - .%'“7)]' (105)
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Here

B

Na -
ﬁ(q)g_a(r;> = <Z_\’8(gac.'_5) Mo 3 :F(N)>,

and.\gt is the friction coefficient. Thus, combining Egs.

(13) and (12) it is found that

— ) ,0)
E(ﬁ) - E;{-(r;) = N).Klz. [l:il(r')—- &z(q)]. (106)

Now the equilibrium force on a particle in the absence
of an external field is merely due to the intermolecular inter-
action. In a system, such as the one we are investigating,
the potential of intermolecular interaction between unlike
particles is the same as that between like particles. In this
case, the equilibrium mean force acting on a diffusing particle
in the absence of external forces is zero. Then Eq. (106)

becomes

O

=0
R RA T

ON

Here (1) is the force which must balance the perturbing

1T

external force that must be imposed to create the chemical

potential gradient, i.e., the chemical potential gradient itself.
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The procedure adopted here, therefore, 1s to calculate
the force on particle OL ywhich 1s necessary to create a rela-
tive diffusilon velocity E} - X, at point r., in the fluid.
We proceed to evaluate | , where § = F,. +5,, , by first
commuting the time and ensemble averages of the force given

by Eq. (9) utilizing Eq. (2)

< Fu g(ﬁu’ﬁ )} :C(N) > = <E‘Lg(@-5 ) §(~)>/ (108)

—

T
where 5'-_ = ,é,-—fo Fai (t+s)ds,
Using Egs. (101) and (108) to calculate the average force on a

particle of species @ 1located at K yields

pe) E;'ff'.) = <BZJ§ 5 (Rui ‘—‘>E§jf-))‘f(?g)>

=) —
oL 3 (109)
Equation (109) may be written in the following way:
T o>, M ‘ (N)
A)
f(ﬁ) <FE (r )> ___f f..f;JdS Zz By (t+$)§ (t)
ot et T, a4

ry# : (110)

®) CN)  ~CN) (0)
S50y R VIR AP 4R
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The averaging procedure has intentlonally been divided into two
steps. The first integration averages the force on particle °
(o)

ai at r, due to particle Bj’ at a fixed distance +Kg)

from it, in a medium of N1+N2—2 particles. The second integra-
. o)

tion 1is over coordinates of particleg), R; . Actually

the second integration is over the relative position of ai with

respect to &l . Thus

AL AT PP Hj S%‘gzs,,ijni Efessy 00

7
.ﬁJ#al (111)

to ) ») )
.8(&'_5)8(&3_&;)0{5«”0(—?‘ clBgJ,ou

At this point we introduce the modified IL.ennard-Jones
potential defined by Eq. (93). 1In this case the force

may be divided into two components

¢

£ h B s
R (£1s) = Ecees) + H,

A~

'}:4-5) (112)

where the left-handed subscripts H and s represent the first
and second reglons in Eq. (93) i.e. the hard and soft components
of the intermolecular force.

The average in Eq. (111) may likewlse be divided into

two parts when Eq. (112) is introduced



f(r)<F<r)> fat<" B>+ pd<CR 216D (113)

where <H F:' (r;)> and < sF;,(f.‘)> are obviously

[ foe s

ead (114)
) (W), (N)
3(Ray =5 )9(Ray -Re)y ) dR "aAP ]df?e,)a,
and ¢ = Hor s.
The term 555 ‘h+s) may be evaluated by considering

the hard core 0011151on dynamics. This is a very well known
calculation, and will merely be outlined here. One proceeds in
fhe same manner as one does in constructing the collisional
contribution to the Boltzmann equation. Should molecules oLl
and %l fail to suffer a mutual hard core collision during the
interval (t, t +7T) then the momentum increment, and conse-
quently the above integral will be identically zero. In the

event that &1 and %j do collide within T then

ot :
fas"Frltess) = apu = Buan ke (Caj= G (115)
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where Uap = mrtmh(\; , K 1s the unit vector directed from oli

to B} at the instant of their closest approach. The situation
would of course be terribly complicated if Al were allowed to
undergo hard core interactions with more than one other particle
in the interval ¥ . To eliminate this possibility we choose
C much larger than the duration of hard core collisions

(o+ ) but small enough so that multiple encounters are not
permitted. We must also require that T be no greater than the
mean transit time between collisions otherwise we would under-
count the number of collisions. A collision cylinder is then
constructed around particle 1, and the procedure used is
identical to the procedure used in the Rice-Allnatt theory.

The basic approximation used here is that the particle tra-
Jectories are nearly linear so that the collision cylinder may
be extended to the full length(pq-E?J)?f and the cross-section
for the collision is unaffectedféy the presence of the soft
force. The effect of this approximation is to underestimate
the hard core contribution to the diffusion process, because
there will be a higher frequency of hard core collisions due

to the existence of the attractive soft force. This can readily
be shown by the following argument. Choose a coordinate system
which is moving with the velocity of particle 1, and place
particle 1 at the origin of this system. Observe the motion

of particle 2 relative to the origin of this coordinate system.
Consider the assymptotic motion of particle 2, that is, the
motion of 2 when its separation from 1 is greater than the

range of their intermolecular potential. This assymptotic
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motion may be specified by an impact parameter b. If the two
particles interact according to a hard core potential alone,
then, if b > 6~ , particle 2 will never undergo a momentum
change. If, however, the two particles interact according to
a hard core and a superposed Lennard-Jones potential defined
in Eq. (93), then, if b > G , but is smaller than the range
of the soft branch, there may be a hard core interaction.
Thus there will certainly be a greater frequency of hard core
interactions in a fluid which has Eq. (93) has its potential,
than in one which has a hard core alone when these two fluids
are at equal temperatures and densities. It 1s therefore
obvious that the procedure we use underestimates the hard con-
tribution. This is also the case in the Rice-Allnatt theory
which therefore suffers from the same difficulty.

We have the following set of equations after substi-

tuting Eq. (115) into Eq. (114):

—

) J:p (116)
£al

ig g"jﬂw'jfi' (%J-g,)§§2.,34>

Mp

LRy = 2

&,°

o)

x@fﬁd@ﬁé,df§qu/

where Qg,Cha are the velocities of particle 5J and ol
~97 2 SR
before collision. When ;hibﬁj> is approximated using assump-

tion (b) in the introduction,

2 a) (o) h)' o)
5:(80“1/30” = ai (RAJ,GLI)JE(@J>§(O“> (117)
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) (o)
where j, (thqJ 1s the equilibrium pair correlation function
and f(l)(i) 1s the singlet distribution function for particle
of type 1 when account is taken of the conditions necessary to

have a collision, it 1s found that

Nas A
£r) <"§‘ (c )>-_- 2 2 Na Masa ﬁ'f’i (Cs—C, ) 3:;2&6)
P -~ -
(118)

‘ ;:(.()d')'??@) bolboe dCo clCs.

Here Gﬁe 1s the distance between the centers of particles of
types & and » when these two particles are in contact, and b
1s the impact parameter defining the hard core collision, and
£ 1is the azimuthal angle specifying the hard core collision.
To proceed further we must perform a rather tedious
set of transformations and angular integrations. First it is
necessary to specify the singlet distribution functions that
we are using. As stated in the introduction to this chapter
these will be chosen as the zeroth order momentum functions,

i.e., functions which are Maxwellian about the local velocity,

t)

3/ 2
$t01= fa (52 ) "enp- [ % (co - waed ) |- (119)
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In order to use this in Eq. (118) it is necessary to remember
that particle o 1s at Ty and B is at Ty o+ S-a.p_K, . Thus
Eq. (118) becomes

RO Ry 20 o (35 (e 2 123100

(120)
{ [t Ccamca e - [t T 05 ﬂ

- bdbde dcadce

where § = — . We must therefore evaluate the integral

L e (6o~ Ca)emp-p] mea-tstg ) el otk )]

K Ggmta) >0 » bdbdg, dCa dCa,

in terms of which ,

., 2 33 =34 > T
[A0N E.tn)>=2§rﬂpﬂmﬁﬁ(“m‘> G Ge) e
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Here V,

—
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( Qg." 63((i))

1]

(123)
(Co - Uslfi +Sek )

and V, are peculiar velocities. We now perform a

series of coordinate transformations. Let

My X
J

Here M,q

=
i

=
"

From Eq.

Y
MQ\L +

(124)

IV% may be found in terms of X and y.

F\,T%( Mo X - '%2 )

(M X + ey e

(125) it is found that

m,,,\(f: l*ft,,%)(l4-/¢4M v;," (126)
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X and y are the center of mass peculilar velocity and the rela-
tive peculiar veloclity, respectively. We want to transform
these to the center of mass and relative velocities. To do

this we first see that

Ma@?ﬁ T MaCa + My Ca = [ Malle (5)+ Mpls (6 +635K) ]

(127)

[

L FEAK )~ Ua(

[P

]

§= G-l Ul

If we now define the center of mass and relative velocities as

Mq{s('_:@ = mu.C_la. + m/jgﬁ

35“ — Ca — Cu (128)

~ /

and the hydrodynamic center of mass and relative velocity as

Uga = Unlfi+6aKk) = Ua () (129)
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then Eq. (127) becomes

?f - g@»a = Lka

9 = Qea-upa (b)) 7/ -
and the result is
Vit gV : )
Ma Vo + MyVg = M%(S@a“gm) +/"‘%(ﬁw_’“ﬁ°¢>' (131)
Now
. 2 2
(3‘@“_%%) = a:d- = 2Ugq (C)'jaa + Upe. (132)

An assumption of this theory is that the relative mean velocity
is small, and all second and higher order terms in this
variable are negligible. Secondly, it is assumed that the
gradients of the mean velocities are small enough that terms

of order(:g'vﬁ)g(R)are negligible when R is of the order of

interatomic separations. In this approximation

_ muV£-+ : ; * *
o e %VAz -3 Map (Qsot %d> _,g,u%(apa_— 21_{,9a'g@a>

e e (133)
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the second exponential on the right-hand side of the equation

may be expanded about Uga=o . This gives

o (V) atan (G Uu) e
= € - — - 3k,
T 3 e Gaa]. (13%) 1

When this is put in I% and the angular and center of mass

integrations are performed, it is found that

a

LK T @‘l ) 135
<"Tp> e Ypalh (135)

a—
-

wiL

1a

Thus when this is substituted into Eq. (122) one obtains the

result that

< By y= £ Z: No Gk TG P00) 53 ., Usat) i}
- =) ~ . (13

We must now evaluate the soft force contribution to
the mean soft force acting on particle a/ . The soft force

contribution may be written down from Eq. (114)
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(4

2, N (n)
ﬁ(ﬂ)<sglm)>= ;: TZ' S{S j_;&[ds “%.. p\[;(&. ,J(M));C(t) (137)

o) (N) ACN) (O]
-%(S—m-ﬂ)%(gﬂj _’_?PJ )dB é-P ]d_&jz“‘
Noting that all the molecules of the same specles make the same
contribution to the average force on ot at El’ Eq. (137) may
be written

f<r>< Fali)>= S[Sj gk% (R,,sms)){(("f)

' (138)
) ) o)
% (Ra= 1) 8 (Re-Re )dR‘“olP‘"}d&'q..
This integral may be evaluated using assumption (a)
outlined in the introduction. That is
V \/mn(&m“”))‘ \4.,3(&'@(*)) (139)

b [ AR ua) o Moo Rt
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It 1s now convenient to introduce the reduced distribution
functions f(n) which are related to the probability density

M) by the definition

N=-n)

-S:{N) () (A) . (N-R) _ (N=n) g.un s Y M ey )
TR,ER P e)= 3 (RTP€)F(RYPH

(140)
(n)N=n)
where § is the relative probabllity density in the
(N=f) _ (N=n)
subspace B , _E' , of finding the coordinates and momentum

of N-n particles at E(N'n) and E‘N'n)

given that the other n
particles have specified coordinates and momenta E(n) and E‘n).
In the case that the positions and the momenta of a pair of
molecules, one from the species h-, and the other from the
species B, are specified, it 1s assumed that the pair distri-
bution function may be approximated as in (b) of the intro-
duction. This assumption was also used in Eq. (134). 1In a

similar manner

= a 2 -3 - Ma, (Cot' 0‘-)2-
§Eo:,ﬁ)= ‘j( %Eea)ﬂ};(wngf/ kT e e 4

(141)
Q—ﬁ/‘““ﬂ?ﬂu );I + 2@&4.“/3 Usa b6 - g’suj )
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Here agailn

Usa = Us(6) — e () + S(vuw)
4 L 1 (142)

and the terms of order VYW are dropped. Substitution of
Egs. (140), (141) and (142) into Eq. (138), followed by an
integration over angles, and over the center of mass velocity

ylelds

> & .
IR = 2 Zy e 2f, Gmier )

. (143)
! ta) ,)
~ gg;c: [[A~R¢A(S) . V. a.v&sa‘v Eﬁdl)] jo Dl)
¢ IN~2) - .
St Ioa Upa SN 2)ds 99 aa AR " dP " URer,
s -3 T _ a
[OXCR 6> = 2 >on Ne s (27K T) ”-H’éfggﬁ‘ﬁ o~ 9aa
4
(144)

e < G RS, MRl Mt

with

(2/-2) (N-2) Pm-z.)

&~ AR f ¢ -2 ) dR
<3(sa. Affu.‘s)> Xf‘j,sw 2 e * (145)
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(aJN~2)
The argument Ag[N-2 of ¥

indicates that the sub-
set 2 of molecules contains one o and B molecule. To obtain
Eq. (144), the fact that the average soft force acting on a
molecule of speciesainthe absence of perturbing forces is zero

i1s used.

The following identity may now be noted.

d .
= AR, (S)= (s)
ds "o 1= (146)

The variable 3ﬁn which appears in Eq. (145) must be ‘35a.
because the distributlon function from which it came orlginally
was f(t) in Eq. (108). The following approximation is now

made,

d = (o)
ds AReals) = Jaa (02 (147)

—

This approximation will be put on firmer ground later. Thus

Eq. (144) may be simplified by using Eq. (147)

8Rat (T)

%, Y(ﬂm(o) ARM(S) >ds = — S(dai{m Af{“> (148)

_ ._';E <A-R;sa.(€ )4 ’33"'-(1:)>
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The hypothesls of molecular chaos 1s now introduced as
the assumption that a time T exists which 1s sufficiently
short that the average change 1n relative displacement Af%altj
is small (assumption (a) in the introduction) but nevertheless,
sufficiently long for <A—fjm(t)é&a(t) >“)5 to reach the assymptotic

2) (o)
form (&u) , thus allowing the introduction of the generalized
pair diffusion tensor in Eq. (148). This diffusion tensor is
a function of the initial relative displacement of particle B

(o)
with respect to a, i.e., ﬁ;& . This assumption may now be

stated as

T a,s *) o
| <Gt AR Y= O, (R )

I
3 = (149)

Now, the definition of a diffusion coefficient requires
a time scale T long compared to the correlation time of the
relative velocity aﬂu . Equation (147) 1is therefore not
valid throughout the whole interval T , but is valid for
times o<t <<T such that the relative velocity is highly
correlated with its initial value ﬂaaﬁ°)- During this latter
interval the molecular trajectorieé~;re approximately linear,
Equation (146) however is valid throughout the interval T
Equation (149) is therefore approximate. The true equation
for %SKZT(QQQ ) should be based on Eq. (147); that is

(>4 q,p a) v)
—TII: g <3ML(5) A%“(S)> dg = é@na (@;a.) (150)
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Ir 33&.(5) = ?Bcb(o) + eaﬂ““) (151)

then,

<

(1) Co) g d)ﬁ
= L
‘?ﬁ‘* (Raa z )< fj‘w(omiwts» ds (152)

(s

B
v L £<A3M(sm_;efa<s)> ds

The first integral in Eq. (52) 1is precisely the approximation

that was used in obtaining Eq. (149). If the second integral

can be proved small compared to the first, then the approxi-
() (o)

mation for oJ,q(Rae given by Eq. (149) will be justified.

Now,

S ! /
A_ﬁm(s) = Yc %Iw_(s)ds 153,

Therefore, substitution of Eq. (153) into the second integral

in Eq. (152) yields

S
(Aa,sd(s)a&,a(s)gjz 5[<jﬁu(s)26&s')§)ﬁ (15L4)

,8
B <7m‘°>9/m‘s"’§ Jas’
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The subscripts a, and B on the brackets denote a fixed ensemble
average, that 1s, an average 1n which the initial positions and
momenta of particles o and B are fixed. Thus while
<jsq(°) jBQ(Sl) ?B can be determined by means of an approximate
bi?ératé_probability distribution function for ?@q(o) and ggq!SD
to be simply - 3 j () (fQS') where HPstj is the normaiZ;ed
relative velocity autocorrelation function (we assume that the
relative veloclty is a stationary random process, and for
simplicity restrict our attention to the case where different
components of the relative velocity are uncorrelated; the
argument can be generalized, but is consistent with the assump-
tion of isotropy) and U is the unit tensor. The determination
of <C3&a(3)36q(5/)‘d>’3 requires a knowledge of the tri-
variafe distribution function for g,sa (s) ?ea.(o) , and
a&d-(s') . The result is in general a function of (+QS)
M\P(gl) and &P(S-S') for which Eq. (154) does not vanish.
For example, consider the case in which the relative velocity
1s a gaussian random process. In this case 1t can be shown

that

< Goals) 9, (s') "";{<‘ |
%Q ?_ﬁ ’ ‘_g@i‘ﬁﬂ’(s-s')—%sfﬁs@] (155)

" 394a00) Fis) VJ(S’)EU

——
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Substitution of Eq. (155) into Eq. (154) does not cause Eq.
(154) to vanish. However, if we average Eq. (155) over gﬁa(o)

we obtain,

<< 7Ba(s)?6uzs’)§ja> = <.a_é%(_°)_>%s-s ) U

‘ (156)

Here the second bracket denotes this average over 7gaf°
This average is in fact performed in Eq. (143). Subgfituting

these results into Eq. (154) it 1is found that

o,B by >
CCAJen 88 57D = <ﬂ§“>‘é [ [teests - Wpis” a5

Since the relative velocity was assumed to be a stationary
random process, Eg. (157) can be shown to be zero.

Thus Eq. (149) is a good approximation, and may be
substituted into Eq. (144), yielding

PO R0 Y 2, g GaneT)™ (158)
- s

gu,,a_ o@,, '?pa) oo R Vi '°))?(n§,,.)€ @,Z’dga«
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(&)
0) e) 2)
The dependence of "@Bu <R&a. on Rpa. is very weak 1qu
varies very little where the rest of the integrand in Eq. (158)
is sharply peaked. This must be considered a model assumption.

Thus

@(1) ‘2 oo)) ~ tz)
___@a.( 2o, =% (159)

—

whereupon Eq. (68) after integrating over goa becomes

<= ) 2y 755 A0
OO > = 5 oo, B e | KRG

Bz

Combining Egs. (160), (136) and (113),1it is found that

L (2)

IR0 = TN, [EemerT) 8 tC)ep 60
— <3

+ 2l S [ 72 VERIG e )% [

(161)
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which in the tracer limlt becomes
<Ew)>= PN {7‘ e )5S G fervrig dst%“u
R 2= LM 3 F T o % (RITHZ (160)

This force on particle 1 is due to the perturbation which causes

the relative diffusion velocity Ww,, () and must be equal to

the force discussed in Eq. (107). We thus identify < F, (f) )
_——-fl)‘ -

with E'(f,) and therefore find that the singlet diffusion

coefficient which is §,,_+ AV

o) R 1) ) Tt
37, & pormeT) g ts)c® 2_"'_:__?5, SV‘V(R)ji (R)d3R

(163)

or

[ Va. () 2 mgeu-) <7 :.VS >
{2 BemmkT) 9 we*+ —=<
3f j’ 6KT

(164)
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with <Z>*V*>  the equilibrium average of V-V, V5  the soft
potential. There are a number of interesting consequences of
thls equation.

In the absence of the soft potential Eq. (164) becomes

)

3, = i—f (TrmK‘r')"‘g,“’(s‘)c"' (165)

which is precisely the hard core friction coefficient first
obtained by Enskog from a solution of the Enskog equation.
Helfand,41 O'Toole and Dahler39 and Longuett-Higgins and Pople,u2
obtalned this result by assuming that hard core molecules in a
dense fIuid are described by the Langevin stochastic equation
of motion. The method used here is superior to these methods
in that it is based on a much more satisfactory phenomenology.

If the potential contains no hard core, then Eq. (164)
becomes

s, 2B gy >

exT
(166)

438

which is precisely the Rice-Kirkwoo result. Rice and Kirkwood
made the assumption that the pair diffusion tensor could be
taken as the sum of the singlet diffusion tensors, or in terms

of the coefficients themselves, that

s PN S A (167)
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It 1s clear that the palr diffusion coefflcient cannot have the
form indicated at short intermolecular distances since Eg. (167)
implies that the molecules move independently of each other. At
what intermolecular distance the deviations from Eq. (167)
become significant is unknown. It could well be that the approx-
imation made in taking‘gzzkﬁﬁi) out of the integral in Eq. (159)
is tantamount to Eq. (18}). It then appears that Eq. (167) is
valid only in a dilute gas. The hypothesis that Eg. (167) holds
in the dense fluid 1is presently being tested by computer exper-
iments. These authors then find that, on insertion of Eq. (167)
into Eq. (166)

)
v £ ;_’9;_ <v2V >, (168)

or using the well known Einstein relations ,

09 () <T
= 5"') (169)
8(0) K
= e (170)

the very well known result ,

[Sm] = %<VLV> (171)
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is obtained.

When this procedure is carried out for Egq. (164) it is

found that
IR SRS R b gl T
5 (172)
Thus
SU)‘ ' S_(t) | [E u))'/a. X s Ya.
=i LIS e ot (173)

An interesting feature of Eg. (173) is that it is quite dif-

ferent from what is usually assumed in the Rice-Allnatt theory.

Wy ) )
There, S = SH + Ss i1s a rigorous consequence of the
<)
assumptions but it 1is assumed that Ss is independent of
'S
Sn . Here we find this to be untrue. We shall comment on

this in a later chapter.

Equation (173) may provide us with a method for eval-
uating the diffusion coefficient of a gas in the high temperature
limit, for then Eq. (167) is exact.

There is yet>another possibility. 1In a separate anal=-

ysis Riceuq has obtained the relationships

3= [aermele 77 < v=vy ] (174)

44. S. A. Rice, Mol. Phys. 4, 305 (1961).
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with ¢ = velocity of sound. Thus if Eq. (174) is solved for

<V2V>7and substituted into Eq. (166) 1t is found that

-ty

T [wm‘c!:f] L3077,

(175)

Rice used an acoustic continuum model, in which 1t was
assumed that the density fluctuations were propagated at the
velocity of sound in the fluid. This theory has recently
been tested, and 1t was concluded that the acoustic continuum
model does not adequately represent the data. The reason for
this probably resides in the fact that the propagation of a
density fluctuation depends upon the frequency of that fluc-
tuation, and the velocity ¢ is therefore frequency dependent;
a fact which is not considered in the model. Perhaps a method
for circumventing this difficulty 1s to choose that ¢ which
gives the correct experimental diffusion coefficient, and
then to use this in Eq. (175) to predict 2

The best alternative is to use the correct Eq. (166)
or (164)

) . t2) m 2,
I A P (166)

or

S(z)[ Sm~ .S“\ J = L:_ <VVES (164)

-
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Recently the lsotope separation factor for liquid argon has

been measured.l8’l9’20

From this data the quantity < V2V>
may be found. This, together with diffusion measurements,
‘enables us to evaluate S‘tJ . Equation (164) must be
treated slightly differently.

Using the definition of V%V >,
<VvEVS =P fvg‘v(fe)ﬁffmdm

(176)

together with the Laplacian of a centrally symmetric potential

V., (177)

<7L\’ = 2
R OR R+’

or more particularly the modified Lennard-Jones potential, it

is found that

<v*> = <v*v"'> + <V‘Vs> ) (178)

<TVIS ff[-;- -,-Q\l“)]j (R) d°R,

(179)
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VL kT S(R-S ). (180)

oV
o R
When Eq. (180) is substituted into Eq. (179) and the integra-

tion 1s carried out, it is found that

395°%R)7 2
éjé— S (181)

R=c

<IN - ampkT |

Combining Egs. (181), (178), and (164), (165), one finds

) 0) i) _ 1% N 12y 3 23 )
S [S—SH 1= DL VED — 5 (mmieT) [gﬁﬂmgogR)ég_

(182)

3. The Shear Tensor
In this section we confine our attention to the soft
force contribution to the stress tensor, and the subsequent
soft force contribution to the shear and bulk viscosities.
The soft contribution to the stress tensor may be written in

the following form
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T
S ;
::U = _'i Z z g . S_‘F j; ?‘j VR‘JVER‘J)S(BE‘_E)‘) 8(5-- Eo)

]

: f((ﬂgw s)ds cl__@Wc)lfm) dK.

which becomes, after introducing the notation used in the

previous section:

£ 3 ya )
g‘; = g& L'de(Bn%m\/‘(’(gu(ﬂs))$ £6,2) dR.dRdR

(183)
with
S Uk _ s f('-/N—l) )
< B'?-VR,,_V (@z(t‘ s) )> = f’f&"v‘?nv (R,t(t+s)) (1, 2)N-2 ()
L dROAyp T

rd
e ——

As in the preceding section, Eq. (139), the gradient of the
potential energy may be expanded in a Taylor series retaining

only the first two terms. This expansion together with the

distribution function given by Eq. (134) is substituted into

Eq. (183), to give
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5!

T
. = S& j- j[ <.@"-VR.:.\/S(P‘1) + EZ‘AEQ‘S).VR&VR;;VS( Ria )>

=

199

v CARL(S) Vg VIRL) + AR(S) AREIG T, VIR [ (185)

()
0 [+ 2amags wa, Jdoda R ds

where

t3
-3 M. (Qn -y'l >€‘—/3/“-ﬂ-9.:-

o t2) 2 m >
;e ti,2) = 3" (R.;)f (‘{rﬁ?ﬁ‘-)e‘ (186)

In the preceding section it was stated that g94 was the
difference in mean velocities between molecules of species one
and two both at the point Bl‘ This was true because terms of
order VW were neglected in Eq. (142). 1In the present treat-
ment it is unnecessary to distinguish between the two species,

but it is necessary to retain all terms of order vu . In

fact, it 1s precisely the velocity flow gradient which acts as
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the force 1n the phenomenological law for the flux of momentum,
l.e., the Newtonian stress tensor. Therefore terms of order

V& in Y. are retained
U, (Ra) = W (RD = Uy (R)D)= W (R +Ria VUL (187)

The soft contribution to the hydrostatic pressure may
be separated from the soft contribution to the non-equilibrium

part of the stréss tensor,

k4
_ 0) S )
v§= 6",: + N"f‘/g/x,,gé__ £[<A~RQG‘)VRHV (Ria) ?:_\ Ua

(188)
(D] )
k "z] M)+ 2)
e R 8RS Ty VIRWIGa Ua S [ {,
3
jc”(\?\z) deCldS‘szn + yQ(ARn.)
o -
(o)
where Oy 1s the soft force contribution to the hydro-
3

static pressure. Terms of order (&R ) will be neglected.

As in Eq. (150) after integration over C

1 and 92, we obtain

the result

s (o) (2%
= 5, M 8
e 4k g gf&*“.'l'vne.;vk.t\/sff?u) (259)

* !.'L.“' VR“V?R|1)] ??)(Rn)daﬁn. .
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A double gradient 4 Vp ¢(R) may be expressed in the

following manner

oR (190)

A AA /
Ve RpRI= &(3T)P1R) +eB PUR) o)

B

A
with C = R ,andR2=x2+y2+22+22,R=L7L+33+452—,

—

8 ., . 2
gc’;'g ‘ﬁaza(%)’“iga(%)*k&(%)' (192)
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thus ‘g% GE-) z %? - %%; .

This proceedure when repeated for the other components yields

-~ .
B..ﬁ-’: :'.‘- +__é, & oA
oR x '5““{‘?{’9*‘ (193)

Substituting Eq. (193) into Eq. (191) yields

A . , !
v,(vkgbm):e,[i.“?i el t | bR
(19%)
AA A y
- C€ gyrr) rEE DR
R
Now
e[ £t 54 chk ] glxedy ”s*)(-;:s*gé,*-‘s,@
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Thus,

YARIE = U ®wR) +.é. ﬁcpfﬁ) +E8 Y_qb”(e)—-'é‘ qb'(R)] .
(195)

This is different from what Rice and Kirkwood found which was,

GHPR)= =UPR) + RE[PR) -5 PlRY].

(196)

They apparently performed the angular integrations in Eq. (189),
and found that A contributes nothing to the integral. They

therefore paid no attention to this term. Using Egq. (195)

e&;) = L U V?R,;) , = R V?'?n.)
= K= (197)

v6,8, | Vla) - ViR

Substituting Eq. (197) into Eq. (189) yields,
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‘o () a ' s/
A LT = AN H[R.LRQ vy [—?- JVIR.)

v qKT
- (198)

A A - s 7 / 2)
‘E RV S (Ra) + € €r,, [V (Ry)- 5.‘\/?,327]]3,(&,)%&

mDo [[[ R 7w Cg WV 1R) 1YL R2)A R

QKT'

o) “')
'E}JS: 6—1; + fj‘[ Ra Rn. Vi [%QR L Vi'?n) -V?;?ozj
— TS R (199)

+ 2V —v%m FhL \/(R,,)J 9 (R )R .

The classical Newtonian stress tensor is (Eq. (81)),

g--1p+ (ag -p)vu]Q ~27g

Equation (199) may be transformed into a form similar to Eq. (81)
-\

by writing R),, €g, , and vu in spherical polar

coordinates and integrating over the polar and azimuthal

angles. Identification of the coefficients then leads to
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7?3 - m"@u:\‘joszg?:_ YV%%:.) "'-g-_- vs(}a.z)]j:l}Rax)dBR\z.

60KT
(200)
It appears that A contributes nothing to the stress tensor.
Thus Rice and Kirkwood's result is correct.
&“)‘ X 2 s LSt “tp. )43
QDS_ m Nf J"‘J‘Rn. [v (Rn.) + —‘V(I?n.] 9¢ (kll‘) Rl?.:
v T 36KT R (201)

For the coefficlents of shear and dialational viscosity. It
1s important to note that in the transition from Eq. (189) to
Eq. (198) we have used the fact that for indistinguishable
molecules the term _Li,_ (R - ‘ﬂ(?,) vanishes. When the molecules

are distinguishable, as in Section 1, this term 1s not zero.

4. Thermal Conductivity
In this section we confine attention to the soft con-
tribution to the thermal conductivity. The intermolecular force
contribution to the heat flux in a dense fluld system was shown

by Irving and Kirkwood31 to have the form
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—

v = g = (s giw(mu RaVk, VR

[< S(R,\ G)S(Rg L )5 Jcm")> (202)

(N) s
—g(r'lt)< Sé_&‘_ﬂ >S(&_ -_G) 3 ? >] dsd Ra.

To evaluate the heat flux in a manner similar to the reduction
of the stress tensor discussed in the last section, Eq. (202)

may be written, after symmetrizing with respect to 1 + 2,

e = N(i-»)g.f%fz\i ViRAY -R. %R ] & u)>

-—

(2)

‘JCU/?-)OP:,OPX o 3R, ds (203)

where (C_: g) is the peculiar velocity of the center of mass of
the pair, i.e., the peculiar velocity ar ry when another mole-
cule is present at TH- In a non-isothermal single component
system with no bulk matter flow, the distribution function

in pair space, f(2), may be expanded in powers of the gradient

of the temperature. Starting with Eq. (134) for f(g)
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\ 2 2
fon) = Poc R €EM T Dvamig, ] (e

and terminating the Taylor series after the term linear in the
gradient operator, it is readily found that

) )

;:}l): ;:‘(-D’-) + E“-’%.;ﬁm)l) /
(205)

with
(&9

(2)
er'vknﬁg i) = ( géE ) RFL' ngj_
- P~ J

so that the perturbed distribution function may be written as

=) (&

) ﬁ 2..- .
$(Ra, g, T4, 02D i + = (a9 3KT )R 9T (206)
D - o2 (&) )
2 LpH. (E.J-]) Ra VT
where as before fég) is the local equilibrium value of the pair

distribution function. Using the expansion (b) in the intro-

duction, (neglecting terms which vanish in the integration),
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(3 R
= S°< [UVRR.) -RaT VR - & :_—U ) ds

(207)
o8m
= [Rn. . VR. R“\ls(R.;)NVg | (Rn.)]
The right-hand side of Eq. (117) may be rearranged to
éafl)
E@R“"Rﬂ_ v (Kn.) + 26"(.1 \ (Rn.) ‘] (208)

€a)
m“_’Q Rn (V V (R.;))eg.z

When Egs. (206) and (208) are substituted into Eq. (203), the

. A
vectors 512 and eﬂh; are expressed 1n spherical coordinates,
and the polar and azimuthal angles are integrated, after which

the relative velocity 1s integrated, the following result is

obtained:
" 2 L4
0 | D ey v v IR £ e | 40T
i (209)

The coefficient of the thermal conductivity is related to the

heat flux by Fourier's law i.e.,
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<;f -~ Ko VT .

I (210)
Comparing Eqs. (210) and (209)
Ky = N:?mf{g‘: . VR.) [gf F??ZRR)]POPRW (211)
If I is defined as
T - L [fRiw VIROG R R,
the @q. (211) may be written as
KS - - B“’(%}F - (213)

5. Approximate Representation of the Transport Coefficients
In this section we shall derive much more convenient
formulae for the soft force contribution to the shear viscosity
and the thermal conductivity.

We note that for the modified Lennard-Jones potential,
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the equatlon of state, and the internal energy of the fluild are

Poou- 2mped o £ (TR viRa g IR
fKT (214)
and

E L. £ [[ViRD RO d2Ra

NK—- 2 KT— ff ﬁ (215)

where P is the equilibrium hydrostatic pressure and E is the
internal energy. Comparing Eqs. (200), (201) and (213) with
Egs. (214) and (215) it is easily seen that the integrands are

very simllar in structure. Introducing the definitions:

¢ (~
B¢ = qep fyy %n.) . )(R“MBE“J (216)

B - acp [[[(E) 9. (R,

(217)

the Egs. (214) and (215) may be written as
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o 2ms 3 42)
£t PO ¢ 51266

and

E-2NKT= L= £N(By-B )

)

respectively. L 1s the heat of vaporization of the fiuid.

Solving Egs. (218) and (219) for B; and By, ylelds

273 €2)

Bo= kT LRy -1= LR |- b

P _,_ ams3 o"(’g)]_ 2L
R, = KT [Ja;}— ! 3 e, N

From Egs. (200) and (201) we find that

tv)

N0 -
fh—TE;;?:JP L8 B SEgéi]

~
<N
1]

(218)

(219)

(220)

(221)

(222)
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t2)
Cb\; miﬁ&'/o)__” 3, - Bg] , (223)

or in terms of the thermodynamic variables

s ml\lzogj‘é /5:<T[f,<1— f?tz))

?wr T IoKT (224)

CL) 73)
o/ l;KTE"KT —wr [3e(S )j‘ ‘-]

(225)

From Egs.(212) and (87) a similar relationship may be obtained
for the thermal conductivity

I- %:FIZZBR- SB¢ ] (226)

or, in terms of the thermodynamic variables,

s

2) 24 L
MI"’KTifPir /°7 (s) |- = ] (227)

1 =
— 4
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Takling the temperature derivative of I and substituting into
Eq. (213) ylelds

LoD are? t
Ko f LJRDQ('_OLT)P 3 f([ia‘r?:“)fﬂf,
(228)
~ aags?c)"[l?:?ﬁ) +é(ocl_ +{-R-—Cf)
v

2
with a the coefficient of thermal expansion and (; the heat
capacity at constant pressure of the liquid. We now proceed to

evaluate these quantities numerically for liquid argon.

4. Numerical Calculations

We have on several occasions remarked that the Rice-
Allnatt theory was in good agreement with the observed trans-
port coefficients. How meaningful is this statement? As is
well known, the available palr correlation functions of either
experimental or theoretical origin are very poor. In this
section we examine some of the consequences of the errors in
go(z)(R) and V (R). Attention is focused on the coefficients
of thermal conductance and shear viscosity.

Let us first examine the accuracy with which the radial
distribution function and potential reproduce the equilibrium
internal energy and pressure of the liquid. It is well known
that the calculation of the pressure 1s inordinately sensitive

to the relative positions of the minimum of V(R) and the first
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maximum of go(e)(R),us’46 and that the internal energy is less .
sensitive to error than 1s p. 1In Table 2 there are displayed
the theoretical and experimental47 values of L (defined by Eq.'
(215)) for the potential parameters § = 171 x 10~10
§ =3.418 x 10-8 cm, and the same radial distribution func-
tions used by Ikenberry and Rice in the theory of thermal con-
ductance. The agreement, while not spectacularly good, is
satisfactory. On the other hand, in Table 3 are displayed the
calculated pressures. These are seen to be in very poor agree-
ment with observation. The sensitivity of the calculated
pressure to a change 1in well depth, £ , with no change in G
1s easily seen by comparison of Ehe third and fourth columns
of Table 3. The change in well depth from & /k = 123.8%k
to €‘/k = 115°K is within the experimental uncertainty of the
potential. Indeed, it 1s found that no single set of param-
~eters (£ , G ) adequately describes the temperature depend-
ence of the second virial coefficient. At the high temperature
end of the experimental data the set (€4:= 123.8°, 6 = 3.418 a)
fits, whereas at the low-temperature end the parameter set
( €/x =115°, & = 3.50 &) is required to effect a fit to the
data. This lndicates that the Lennard-Jones potential is in-

adequate over the entire range and a different analytic form

45. M. Klein, Ph.D. Thesis, Department of Physics, University
of Maryland, 1962.

46. F. Buff, Ph.D. Thesis, Department of Chemistry, California
Institute of Technology, 1949.

47. F. Dunn, Thermodynamic Functions of Gases (Butterworths
Scientific Publications, L. + d., London, 1956), Vol. 2.
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a more flexible form of the potentlal is needed. Is the dis-
crepancy between the calculated and observed pressures indica-
tive of gross errors which vitiate the meaningfulness of any
calculations of transport coefficients? We believe the answer
To this question is no. Consider, for example, an alteration

of the potential such as to make the pressure integral correct.
This may be done in a variety of ways since all that is needed
is a shift of the minimum of the potential relative to the first
maximum of g(g)(R). Arbitrarily, we choose to alter V(R) by

scaling the potential through introduction of a parameter c,

" VI(R) - %8[(3%)“- (C—f;—)‘] (229)

but we do not alter go(z)(R). The values of the parameter c
are entered in Table 3 from which it is seen that the small
shift In potential which is required, of the order of 1%-2%
is within the uncertainty in V(R). Although the procedure
adopted is arbitrary, we assert that it is a useful technique
for improving integrands which involve products of widely
varying functions, each of which is subject to uncertainty.
It 1s important to note that the shift required in V(R) is
very small. Since the shape of V(R) 1s not completely cor-
rect and the parameters are subject to uncertainties greater
than the shift required, we shall use the shifted potential
as a test function to examine the numerical stability of the

computed transport coefficilents.
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Table 2

Theoretical and Experimental, Internal Energiles
for Liquid Ar

T° (K) p(atm) L(calc) L(obs)
(3)

128 50 -5150 -3345

135.5 100 -5136 -3474

185.5 500 ~5074 -3456

We proceed by first noting that the use of the shifted
potential in Eq. (210) leads to only small changes in the com-
puted values of L. Consider now the computation of the thermal
conductivity. Ikenberry and Rice14 have shown that Ki depends
on the difference between V(R) and RV'(R). Introduction of the
shifted potential then, in effect, leads to the multiplication
of‘iﬁf by ¢, since the difference between V(R) and RV'(R)
causes cancellation of the effect of all but one of the powers
of ¢ which enter from Eq. (139). The computed thermal conduct-
ance 1s, therefore, essentially unaffected by the shift of the
potential required to correct the pressure integral.

Consider now the computation of ﬂuf . Lowry, Rice
and Gray15 have shown that in this case the integrand is of the
form ‘¥ (R) R';V,(R) joa)(l?) and all the functions vary widely as
R ranges from © to o2 . Moreover, the function qyg(R) is

determined from the solution of a differential equation, the
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input of which requires go(g)(R). We may therefore expect

q§ to be very sensitive to the relative positions of V(R),
go(g)(R), and %{E(R). Detailed calculation shows that the
Introductlion of the scaled potential leads to 25% changes 1in
"?,,s but only 5% changes in the total shear viscosity. For
example, at 100 atm and 133.50K, the raw potential leads to
7¥° = .1898 x 1073 poise whereas the scaled potential leads
to '?vs - .2228 x 1073 poise. Correspondingly, the total
computed shear viscosity changes from '2 T = .70l x 10-3 poise
to '7 m = .7T30 x 10"3 poise. It should be noted that the shear
viscosity 1s sensitive to 6 in three ways: 5'5 and 6—6
appear in the equations, the hard-core contribution is quite
important, and the hard-core contribution is sensitive to
go(g)(s’). In all, it appears that the shear viscosity is
much more sensitive to the potential and to go(g)(R) than is
the thermal conductance (compare pressure and internal energy) .
Within the uncertainties of our knowledge of V(R) and the
inadequacy of go(g)(R), it still appears that the computed
viscosity is only variable by an order 25% within the range
of possible variation of € , & , and go(g)(S’). Changes of
go(g)(ﬁ ) cannot at present be investigated arithmetically
because of the unavailability of suitable theoretical or exper-
imental functions.

We conclude that the agreement between the Rice-Allnatt

theory and experiment is meaningful since the possible changes
iIn computed coefficients are bounded in a reasonable domain.

This conclusion 1s supported by the observation that agreement
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between theory and experiment exists in numerous cases of

independent calculation. The likelihood that all such independ-

ent calculations are spuriously correct seems small.

Table 3

Theoretical and Experimental Pressures
for Liquid Ar

° p(calc)? b

T (K) p(obs) (atm) p(calce) c
128 50 -306 -190 0.9819
135.5 100 -228 -112 0.9827
185.5 500 +284 +398 0.9887

& k= 123.8%
= 115°k

o
®
I

For our calculations of the doublet friction coefficient
we shall use the values of <V7‘V>deduced from isotope separa-
tion data, rather than those computed with a theoretical radial
‘distribution function. To compute the shear viscosity and
thermal conductivity we must have values for the contact pair
correlation function and its temperature derivative. These
values are obtained from the Kirkwood integral equation. It is
found that the coefficients are not very sensitive to these
functions, so that our results are insensitive to the weaknesses

of the equilibrium theory. There 1s, however, one exception to
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this statement: The doublet friction coefficient calculated
from Eq. (182) and tabulated in Table 4 as S:,_” . All cal-
culations are for Ar at 9OOK, and 1 atm pressure.

When the singlet friction coefficient S (1) is computed
from Eq. (174) it is found to be approximately three times too
large, but when it is computed from Eq. (168) it is very close
to the observed value E:L . Thus 1nstead of using the
measured velocity of sound to compute the doublet diffusion
coefficient, in Eq. (175) we adopt the follwoing procedure.

A value of ¢ which we will call c* is chosen such that Eqg.
(174) gives the correct singlet friction coefficient. This
value of ¢ is then used in Eq. (175) to find 3 UB). The value
of % (2) found in this way is tabulated in Table 4 as S;L()c“)
The value of § () found from Eq. (175) using the measured
value of ¢ is tabulated in Table 4 as S,c{)(c) , but is not
used in the computation of the transport coefficients. Eg.
(166) and Eq. (182) are used to compute the doublet friction
coefficient, and are tabulated in Table 4 as 3‘3(2) and

S Eﬂg) respectively. To check the accuracy of the value
of S E(E)’ the singlet friction coefficient is calculated
by Eq. (172) and is tabulated in Table 4 as Sp(l). Sa(l)
1s about 20% too high. Thus we should not have too much con-
fidence in S E(g).

The soft components of the shear viscosity and thermal
conductivity are then computed. These coefficients are tabu-
lated in Table 5 as "75‘,9 , 77?,(._ , 7??5_ , Ks\m , Kt’c s

Kig » respectively. The superscript S denotes "soft
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component", and the subscripts A, C, and E are used to label
the doublet friction coefficient used in the computation.
These transport coefficients are then compared with the soft
contributions computed by means of the Rice-Allnatt equation
and agreement with this more exact theory is found to be
excellent.

The justification of the assumptions made here regarding
the existence of the pair diffusion tensor and its weak depend-
ence on 512, must await a more precise theory. Rahman, whose
work will be discussed in Chapter IV, 1s checking the validity
of these assumptions by performing a computer experiment.
Furthermore the validity of the expansion of the pair potential
1s being checked. It might be pointed out that for a harmoni-
cally bound particle the expansion is exact, because the third
and higher order derivatives are identically zero. If Q312(S)
1s small for times of order T , then the higher powers of
Aglg would annihilate the higher derivatives. This, as has been
sald, is being investigated by Rahman.

The agreement with the Rice-Allnatt theory is indeed
surprising, because the model used is very simple. We believe
that the small step diffusion model is a simple intuitive model

which incorporates the physical features of a dense fluid.
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Table 4
The Singlet and Doublet Diffusion Coefficients

P i c et <v"\/2bS LTV
°kx atm g/cc cm cm ergs y 103 EE%E x 1073
sec sec cm?® cm
g0 1.3 1.374 8.196 11.81 11.25 10.96
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Table 4--Continued

§@3 353 M5 E e @) )5

4,93 0.64 14.8 5.0 5.68 1.61 2.52 2.52 2.84

All \\S are in unlts of %%E X 1010.
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Table 5

Shear Viscositya and Thermal Conductivitybx

Comparison Between Small Step Diffusion
Model and Rice-Allnatt Theory

Rice-Allnatt R C E
12;( .031
)
s (5) .012
1) .282
3
N5 (S 155
S
e .926
.921 .921 .863
1.256+
T 1.121
T 1.401 1.401 1.343
’ 1.74+
nobs 2 -39
KK .020
)
Ky () 017
€2)
x (6 .198
S
K\r .822 '
1.26 1.26 1.12
- 1.410+ '
7(;5T 1.057 !
1.495 1.495 1.355
1.645+
Mabe 2.96

2a11 7( are in units of 10'3 poise.

b 4

All X are in units of 107 cal/deg cm sec.



CHAPTER III
THE IDEAL IONIC MELT

1. Introduction

From the experimental evidence accumulated in the past
decade it has become apparent that many of the properties of
lonic melts are similar to the corresponding properties of
dense fluids composed of molecules which interact with a short-
range intermolecular potentia1.48 This 1s an interesting
observation 1n view of the marked differences In behavior between
dilute solutions of electrolytes and dilute solutions of non-
electrolytes.49’50 It is therefore clear that the role of the
long-range Coulomb potential in determining the properties of
a dense fluid must be examined carefully.

The Coulomb potential differs from van der Waals type

potentials in three respects: (1) The range of the potential

48. See, for example, Discussions Faraday Soc. 32, 1961.

49. H. S. Haned and B. B. Owen, The Physical Chemistry of
Electrolytic Solutions (Reinhold Publishing Corporation,
New York, 1959), 3rd ed.

50. J. H. Hildebrand and R. L. Scott, Solubility of Non-
Electrolytes (Reilnhold Publishing Corporation, New vork,

1959).

117
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is infinite (that is,
S d*R
R

is a divergent integral); (11i) The Coulomb interaction may be

either attractive or repulsive dependent only on the signs of
the pair of charges; (1ii) The Coulomb potential is very much
greater in strength than ordinary van der Waals potentials. As
a consequence of characteristic (ii) ana (11i), 1t is impossible
to have macroscopic deviations from electroneutrality. Mbré-
over, the structural polarization in a fluid of positive and
negative charges implied by Conditions (ii) and (i1ii) 1s such
as to screen the Coulomb potential, decreasing the effective
range to the order of molecular dimensions. As a consequence
of this polarization and shielding, the divergence catastpo-
phies implied in (1) are avoided.

By the term ideal ionic melt we mean a fluid which con-
sists of spherically symmetric ilons, interacting pairwise with a
potential consisting of a rigid impenetrable core, a short-
range van der Waals potential and the long-range interaction or
repulsion characteristic of the Coulomb potential. This fluid
contalns oppositely charged ions of nearly equal size and with
identical electronic properties (except for the sign of the
charge. As remarked above the condition of strong local elec-

troneutrality leads to configurations in which a positive ion is
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on the average surrounded by negative lons and vice Versa.51
Thus the most likely hard-core encounters occur between oppo-
sitely charged ions. In the analysis of the properties of the
ideal ionic melt we go further and assume that the only role
of the Coulomb .potential is to determine the local structure of
the melt, and thereby to determine the two-body dynamics. We
note that hard-core interactions between like charged ions are
rendered unlikely by both structural and energetic considerations.
In a previous analysis of the lonic melt, Rice52 has shown by
direct calcylation that the Coulomb potential does not contribute
significantly to the transport properties of the melt. Rice
finds that the Coulombic contribution to the friction coefficient

12 6 10713 g/sec whereas

-10

for a typical ionic melt is of order 10~
the observed friction coefficients are of order 10 g/sec;

It 1is therefore concluded that dissipation in these melts is the
result of the short range part of the intermolecular potential.
Another very simple argument can be given to make this statement
plausible. The approximate theory for the friction coefficient
glven 1n the last chapter by Egs. (168) and (175) may be used
here. Both of these equatlons involve the quantity <<V71\/;>
The Coulomb potential satisfies LaPlace's equation; therefore,
for the Coulomb potential <Vl<?'{—)>? © . In this very

simple way we see that the Coulomb potential contributes nothing

to the friction coefficient, and thus very little to the

51. F. H. Stillinger, J. G. Kirkwood, and P. J. Wojtowicz,
J. Chem. Phys. 32, 1837 (1960).

52. S. A. Rice, Trans. Faraday Soc. 58, 499 (1962).
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transport coefficlents. We therefore assert as a model assump-
tion that the Coulomb potential plays only the indirect role
cited in determining the transport properties of the ideal
ionic melt. We see later that this assumption allows us to

conslder an i1deal ionic melt to be a pseudo-two component system.

2. Transport Equation: Singlet Distribution Function

It 1is convenient to enumerate once again as a set of
specific assumptions the conditions which define the ideal
ionic melt.

(l) Oppositely charged ions are of nearly equal size
and have identical electronic properties (except for the sign
of the charge).

(2) Strict local electroneutrality requires that on the
average a positive ion is surrounded by negative ions, and vice
versa. Thus the most likely hard-core collisions occur between
oppositely charged ions.

(3) The probability of a hard-core collision between
like lons 1is reduced by the Coulomb repulsion between them--
hence these collisions make a very small contribution to the
transpbff properties of a melt and are neglected in the following
analysis.

(4) The total pair potential is the sum of three terms:
a rigld-core repulsion, a van der Waals type attraction and
repulsion, and a Coulomb attraction or repulsion modulated by
the polarization of the surrounding fluid.

(5) The Coulomb potential gives rise to a large cohesive
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energy and determines the local structure and thereby the two-
body dynamics in the fluld, but does not contribute directly to
the transport of momentum or energy.
With the preceding assumptions, we have derived an
integro-differential equation using the basic method of the Rice-

Allnatt theory of liquids.??1C

We present the detalls of this
derivation in Appendix.!. The derivation proceeds by first
deducing Rice-Allnatt type equations for a general binary mixture
and then specializing these results to the case of the ideal
lonic melt. It is Assumption (3) which greatly simplifies the
structure of these equations. This condition, in fact, reduces
the problem from that of a binary mixture to that of a pseudo
two-component fluid. We present here only the results of the
derivation for the singlet distribution function. In the fol-
lowing sections we discuss the corresponding doublet equation.
The analysis displayed in the Appendix shows that the
singlet distribution function of an ideal ionic melt satisfies
an equation identical in structure with that for a pure fluid.
There are two singlet equations which are identical except for
the identity of the particles to which they refer. For example,

O
for species a, ¥(cL) satisfies the equatlion

)

o)
DoL §(ou) = j-\q_F + rap + (Suu+xa(,a)P\t:: ﬁ(d") J (230)
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) |
- . |
a vPa. [Tﬁ“ Tay + KT.VPM J)
e «) o I
Fo = <R+ R,

~a)

_ ()
g = 7,(%)f-f[ f (Rai, -8R, ¢ )7('(@3“)@" ARt

-0)

(231a)

(231Db)

(231c)

(2314)

F R st R, st B B e,
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T =G, 9(%)“‘ _{ )C(Rau B4R, t)k ’C?‘)?“‘JE‘_‘A-E“'/H

(231e)

)

In Eq. (231), 3. (gm) is the pair correlation func-
tlon evaluated at the point of contact when the pair separation
is Jjust the ion-core dilameter Cap (and therefore because of
Assumptions (2) and (3) we may take G, = San = Shn = § ,
b is the impact parameter and € the azimuthal angle .
spécifying the binary rigid-core encounter, K a unit vector
along the line of centers at the point of closest approach, and
R‘" , Bu ) Ma as usual the position, momentum, and mass
of particle Ol . The equations as written neglect the pos-
slbility of a collision between 1like ions and are therefore con-
sistent with Condition (3) cited above. The friction constants,
Stj (ij =a,8) are defined in terms of the autocorrelation

function of the soft part of the force, hwg

~ o+ I(N)
- ¢t S S
Sq/f IKT T ksj_is EAE.[@ r(srs') I ﬁ; “)) (232)
(eul

B (Rai B2 )3 (R -5 )R ™Y 2™
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and the averaging is to be performed in a canonical ensemble
with the position of particle @l gspecified. The soft force
) s
acting on a particle is then the sum of two terms, < F >
the average total intermolecular soft force aéting on a molecule

[ ]
at Ru_ when the average 1s performed over all other molecules

in a canonical ensemble, and “ F,._ , a force arising from the
departure of the relative pair distribution function, JCM/_)(‘“‘)
from its equilibrium value.

The integro-differential equation for '.f:u()a.) can be
solved by a varlation method first proposed by Curtiss and

Hirschfelder. The solution is for

flan = S| + (m‘) " e 27 J(E Wi W 2T
["fﬂ_t,z) L%‘g ?7/m4(3¢q+ aﬁ))]

(233)

o B+ R Mg y) L

[ Jzt;,z)+ [rz&/m“rj:lg%)(ga +§%)]]

with V., the volume per particle 4, _\L/m fhe reduced pecullar
l,a \

veloclity equal to (mu/QKT) [mfan— W ]) W the mean veloc-
. t2,2)

ity of the fluid, and ﬂul) the rigid-core collision cross

IA_
section which is equal to (4TKT/mg) GL: . As usual, the
1)
unit tensor 1s denoted by U. We assume that J. (Sap) is

known from equilibrium studies.
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3. Mobllity of Positlve and Negative Ions
in an Ideal Ionlc Melt
The transport equation that we have derived inthe Appendix
and presented in Section 2 can be written in an extended form
sultable to the description of the ideal ionic melt in an elec-

tric field E, where the field 1s taken to be in the z direction.
We find

—

E=E.h (234)

w) : - > 0) ™ A~)
“) ¥ ng“l ' VR«.; ;(a!) ¥ 7“ .E.; . vPauJC (ate) + E;_“Vng (1)

%18,

)

2 Jiag * ding + G gq.e)'b\:.)’f(‘“) (253)

There are two such equations: one for the cations and one for
anions. In a static electric fleld, after a sufficient time t

(t > momentum relaxation time of the melt) has passed,

— =)
fian _ Ftan
ot ot

= O

We assume that because of strict electroneutrality, there are
=
no configurational gradients in ¥(a.) . Equation (6)

then assumes the form
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=)

70 E %, fan « B9 il

(236)
- (S-m.*-sgp) [
= ]"m 4-]-2_% ¥ == Q-ﬁ(m)
with
t)
@ = m.A, (237)
Combining Eqs. (234) and (236) and assuming that F 1s

nonzero by virtue of distortions induced by the external field,

we have

fo E2 + (f;. l_ EE?QJ) =T ., T
Mg, 2w e o

- QE%%:§§i>C?£Vgu)

(238)

To first order in the perturbation, the mobility of the
positive lon may be calculated with the momentum distribution

of the negative lons taken as locally Maxwellian. Thus if we

are considering o ions,

f((';u) = :n('ou) [ I+ @.x]
- ) -0 (239)
L = § @)
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After insertion of Eq. (239) into Jjaﬂ we find

Tun® Ootso [ fan [ & + 8- B, -3, 48

[
But o ¢%\:-CD in this approximation, so that

Jian * j“()e',.,s)f J?‘('o)u)?us» @‘ @]Jﬂp-

[

(240)

(241)

It is convenient to deflne an operator j;p by the relation

Tapp - 7 5[5 [p- 40

whereupon
2) (') /
= ‘fj (6}@) (a’)J_a.@@d_‘.
Consider now the term j;q@ . Curt13553 has shown that

may be written in the f’orm54

53. C. F. Curtiss (private communication).

54. That this integral vanishes can be shown by using the
existence conditions for the solution of a Fredholm
Integro-differential equation. The proof is obvious.

(242)

(243)
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£ (244)

which depends linearly on VK,QMT and ' G4 both
of which are 1dentically zero for the case under study.
The last term we must examine is the Fokker-Planck

contribution. We define the operator J: as follows:

J; @u = ( £((;)'))—'@,?(“°)“ ).- (245)

Now,
= 0
@ fan = T, - [Hwv,d,] (246)
whereupon
| = 0) - =)
Jp= (f,(fw) % V! Uo‘“” ch.?s]- (247)

Equation (238) when written in terms of these operators assumes

the form
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{ TeEa + (.E:u )E} ?f(ou)___ 5 j:;é‘ag)ﬁ{&“) L;EQ,

M oW

(248)
( Saa =
+ ‘*‘——*m: Lg)ﬁfcc)u) J @,_..

The inner product of two functions Qb(CaJ) and.qfcu)

may be defined by the relation

(BP)= £7[ [f i dtea) Prow) d'a (249)

where it must be remembered that /a and jﬁ are the number
densitles of o and B,respectively.

It can be shown that

(250)

(¥, 7,0)= (6T ¥)

and that

(b, Tub) 20

(251)
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—
It 1s also obvious from the definitions of im and
37 , and the inner product that

/

I(pSé: ];;(uqb),‘. j"¢;j‘,(,+¢>’ (252)

From this point onward we call :ﬂ;; , J . If
Eq. (248) is multiplied by-Qb(Cag)dilu and integrated, there

results the relation

{Z.*te +( & B 3}(#((:”) atdca'

= f; ?:lé@%)s g:i)al) ¢(Ccu ) dzcll

(253)

( §m t 5%) =)
- U (fg T Bt
Integrating the left-hand side of this equation by parts gives

-t

fpied3y e = - [Fian ZEue,

(254)

where an average is defined as

<W>: g [ $an Ve, (#52)



131
The integrals on the right-hand side of Eq. (253) may be mani-
pulated using Egs. (249)--(252). Thus

g _g.()d') ¢(Ccu )J_i, o *Cay =f£é20¢(@.t T8, )dCa

= (Qﬁ):r( I+ Qiu );Z
(256)

(0+0.)Tp )

\fﬁ () (1+ q.'Jﬁbclilx.

< [Fla )T P d*C,,
= f<TP>

and so forth. It is found that
(')
[L'eprd,dc = p<Tidpy, o5

whereby Eq. (253) simplifies to
Lot (R 2%
{7 *M(*' )*)213<aw>'
-8

= L TE > - (St J<uby

(258)

The Kihara functions,55

55. T. Kihara, Rev. Mod. Phys. 25, 844 (1953).
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X
) %
(2 )R () S, (B2)
P (57 ) RE)ISLGR) e
W
where the H (—C:u) are Legendre polynomlials and the

(r)

PN
Sl-» v <m@,/2 K "r) are Sonine polynomials, have the property
that

(r) «)
]_'\}; = AW (260)

The Kihara functlons are therefore seen to be eigenfunctions of
the Fokker-Planck operator with eigenvalues '7&,. (Q) T - (lf" He.).
They are not, however, eigenfunctions of the collision operator
J. J 1s, however, spherically symmetric and ]_%{r) can be

expanded in the form

. )
TH™ 3, oL %®
¢ (261)

where

an®)= (7)) /(05 7).

From the recursion relations of the Sonine and Legendre poly-

nomials, it can be shown that
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L VakT Y ¢
(14 JO5) 55 (262)

] r) -t
=£(}+E+r)\feil_(ﬂ+|)vj( )'

+i

Now, if in Eq. (258) we take
1«Ba v (R, <
M&

T RRTY - CatElepyns

(r]

(263)

which can be solved by iteration. Indeed, if (263) is multiplied

!
by (ert)(2kT/m, )" and (262) employed, it is found that

{?fi;il z{'e(f*i”‘)<\/’} > - U<y "")>.§

(264)

= (1)) {23 00<T Y

(S Tea) 7
ST

Introducing a reduced field strength,

A § FuEax ¥+ (__F_::)
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¢ ()
and expanding J‘%i’v as in (261) and ]7 Vi as

in (260), Eq. (264) becomes

[a0 )<y > - en <y ]

(}*‘—) ﬁsa (E‘ﬂ)zars(f)<9j N (266)

+ (ars+ a)(s‘i%“)< “P,Lm>

We assume as a first step that the off-diagonal elements
OLrs (2) are zero, because they vanish when J 1is written for
Maxwell molecules. We will denote the first approximation by

< >I . In this approximation, Eq. (266) becomes

LeCossn <y - ey Je

- (1) R 9taa) ot (SH (267)

+ '(2(‘4-!)( S.ﬁlf’:")( %U)?T;‘

t=1)

Using the identity W 0 and choosing f= |
one finds for r = O
AT “l5) Qo) < W
A R U A AR AP (268)

- (gmi- :g)<LP(O)Z ?



135

or
_ ) {o)
¢ = Z(ﬁa I (5ua)t (1) + (et Sea ) § 2 )
M 2)
ES (269)
° \ o)
But \{{(i (Mu./.l,(-,-)/zw and Y = so that
{70!. Ei + (5! )i z {f 5(2) )
— = (Son ) Sea + I, )
m A Jo ' aaQ ano(‘) + L LY:] 270)
- (el g“’%-(
Before evaluating F;: we write down the general nth-order

—

approximation to <{w) for those who are interested in satura-
tion effects.

The second approximation to Eq. (266) can be obtained by
inserting the first approximation, <W,“)>I ‘into the off-

diagonal term. This leads to the equation
|

_ ) 0o Q{(f‘) .
E = {ﬁj‘* (g'vﬁ)r-z_;aorfi) §W§+ (Qum‘.r!a)g(q)“)% )

)
The notation W > indicates the use of Eq. (267) to

determine (gy‘”> . Consider the definition
]
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xr(k) = /'o‘ j:z()ﬁ-%)(f*' ‘i")arr (ﬁ)
- ) 2 (Bt Be)

(272)
so that Eq. (267) can be rewritten in the form

MO, = e fatte o) gk} oy

Proceeding further, Kihara55 has shown that

t 0) _ r
(47 4")= s mm) L ' | -

with the definitions

- e =1f-°~ - 5’5\
MB My + My ’ 3 m ma ) (7275a)

> (275D)
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m“m,sj(l'ﬂ’) % y| (275¢)

(L) i £
gb = &(;-— Co-o 9)"31(3)9)/@%90‘9, (2754)

(2)
In the case under consideration ¢ 1s proportional
to g, because in a hard-sphere collision I(j, 9) is a func-

tlon of € only. Thus it is possible to define a temperature-
u;)
independent cross section kn, ) as

+ L) -1 (9.)
SV = > (276)

Now using Eq. (276) and the relation

T‘(f*' St

Qo (1) = %[V elal J(\Vm J'k}/")) (277)

i1t is found that
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My

fuEat (Far), /

i’ me S (o T e
[3 ey B )Jer; = ST gt "@(278)

Consider now the term ( = ). which is, by definition,
kol <

x _ rezlr)
(R )3 = JTJ(VQ,V)E o @1 o) AR (279)

—~—

1)
fS <VR.,_,,3,V).& )C((ozl aijai)d Rey,

where
@h) -S:E:t)l B') 1) )e/xfl—éqsm))@x (“ﬁ@(ﬁ’)}
FCd’ﬁ'ldl)’ RO Jo 2o . P iy

£ %) L exP(-RA(R,) ) > (280)
where [ = KT‘ . The natural reference point for the calculation
of F;l is the point R, , 8ince the distribution of
matter about this point 1s being considered. The pair distri-

)

bution function, {’ refers to two points in space with the
nominal external potentials 95 (Rar ) and qﬁ('E;') s

and the distortion in the distribution function arises solely

from the non-vanishing potential gradient. Thus the Taylor
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expansion
¢(§n.)= qﬁ(&.) F (_@QM,-YQM)QS(@) (281)

leads to

Gfr)

Fmian= £ il enplopr)ontoGuipt),

€2)

.@ 3 (Kdt,at,l)ej)‘f(“/5 (_’i@ba-" V&.;)(b(f"-'))

where [Z* is the number density of B particles at R,
at which there is an external potential Qb[£¢,) ; 1.e.,
AR I Cf?(—ﬁgﬁ(@.)) . Because <Bm,al' VRM)CjD(R&.) << KT
for all attainable laboratory fields, the last exponential

in Eq. (282) may be expanded and only linear terms in

retained

tah )

-f-(q.,@nlan) /%3 (@,.ﬂ,){l RAIQO'V&)d)(Rw)j

(283)

= /,‘;.“ 3?)()?/3:,0.') [ I= ﬁ?"‘é ' Reva :(

[ 4
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Substitution of Eq. (283) into Eq. (279) leads to

(5: )z - j”‘((Vz,.a,\/)tﬁ*cj:?&m)b - (?i‘é_'____f"‘“‘]ds’im. (284)

We notice that

, S"S(V mV)% j:?@m.) ds&m - o

(285)

because the canonlcal average of the intermolecular force is

zero. Therefore
<El ); =" j‘f(vgmalv )i ﬁs.e [%;E———_F':—R'ﬂ?‘]oes&m 5 (286)

and from Eq. (270), we have, after using Eq. (234)

L8 [ oy 0w

N . (287)
= <w>I {f; 34&»@) Ct.c(') + (SL%;E‘%) ] .
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Kihara has shown that Olee(!) = 5 m (\H ) TLH )
and Davls, Rice, and Meyer11 have evaluated this integral.

Using their result in Eq. (187) we find

(M), = f,gi o [I - '-é_ f (VgV(RD*j:?)R)Zd%]

(288)

where

HC

2) 3 Va
Xa_(.s = %ﬁ*jo (G“-ﬂ>€°'@ (7.7T/U..._(; KT)/

-
This identification of gap is given by Eq. (136) of Chapter

II. PFinally,

(/44)_7_ = a"f:_?} Y_\ - gf)p (VRWR)Z 3:?3)’20'3RJ/ (289)

and we predict a deviation from the Nernst Einstein relation.
It is interesting to note that if one chooses as the

b

external force Vr AL(f) , and assumes that F=°

then this procedure may be repeated to give after Eq. (16) of
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the previous chapter 1is used,

S = §ﬁ+c + 3;

where S 1s the total frictlon coefflcient. This shows that
the Rice~Allnatt equation implies this simple sum.
4. Coefficients of Shear Viscosity
and Thermal Conductance

Bearman and Kirkwood56 have derived representations of
the stress tensor and flux of energy in a binary mixture in terms
of the 1ntermolecular potential and the relevant distribution
functions. These expressions are basic to the discussion of
the special case of the ideal ionic melt considered herein.

According to Bearman and Kirkwood, the total stress
tensor“may be written as the sum of two contributions: a
kinetic contribution, §; , which arises . from translational
motion of the particles in the mixture, and a potential energy
contribution, g;w ,» which arises from Ehe WOrk necessary

to move one particle while it is in the force field of a

second particle,

-
_

6O =6k +Ov (290)

These contributions may be further decomposed into parts

originating from the several components of the mixture. Thus

56. J. Bearman and J. G. Kirkwood, J. Chem. Phys. 28, 136

R.
(1958).
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e )
G = S5, = - T Tndag, -, fy-u ey > (292)

= e = Az s
and
R\ I (2)
e = 2@y B AR Mndoana es
where

2 (N) = (N) o~
<a_)'fw> = f,‘yaf(“ ofR P  (293)

We may evaluate the kinetic contributions immediately:

(6;;)& ff _P:_._u_ %T %)f‘( Yd%, - (294)
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whereupon, for a fused salt

G - - [ e (Braf & - u)Find R 295)
g f~ E:“*)(F%t-u‘>fz:dCJ§%|,
Using g\ﬁxl) and iﬂ?éty as given in Eq. (4), it

is found that

T LKT+RKRT + § S'K'T'[j“z‘w) $LT [V

K
= [Lmu.ﬂ) 5 (Saa * Saa )/"“ﬁ-i-?&ﬂi]
e+ s Jve (296)
f‘v:&“" . 5(5,,“5“)/%&3‘2%,@)] L__{
( Sl 5
2 [Hﬂq (&“’S¢;ﬁﬁpf?¢@}]
4 fKTgifff)) s ]
[0 S Tsegpr ] |

(297)

To evaluate the kinetic component of the shear viscosity,
the kinetic stress tensor (296) is compared with the Newtonian

stress tensor,
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=—[P t(37- qﬁ)vu.]u +27E (298)

whereupon one easlily finds the relation

_ SKT u (‘Z )6-3
YZK' 83:"«) [¥I * 7L 9.(%e)0us u)%

(299)

+ { |+ £ 9 (e ) Saps
&:,a)+ 5 (Zoe * Saa ) LVARCHY

The kinetic contribution to the heat flux may be com-

puted analogously. Bearman and Kirkwood show that the heat
flux is of the form

L- 55 <amel S T2 o0, 1

Nso, J:t

" >
g f§<n>(~-u) L -u)a P

Performing the indicated integrations ,and comparing the result

(300)

with the phenomenological linear law

\Tx = =X VT) (301)
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it 1s found that

_ 75k* g |+ _Trjg,_‘jm(c‘.a)(?ia
KK 3"'3:17 \.Q.ﬂ’ z)+ S(S“"*L'ﬁ)/qm'ﬁja)&\@>

(302)
+ I+ Wfda (V‘G)G:,@

JZ:M+ s ( 366*$¢7/9m,./,‘; 9 lea)) /

Conslider now the intermolecular force contributions
to the shear viscosity and thermal conductivity. Because of
Assumptions (3) and (4) no hard-core collisions are permitted
between like molecules, and only cross component contributions
to the thermal conductivity and viscosity need be considered.

For rigid-core encounters, it may be shown that

CA D N“Nﬁf"f"-m Ké&ft@ﬁ)[%"—;—%,%ﬂ'ﬁ@".sﬁ (303)

(G__t(m%))v_ = (51 (R= s)) + (z (Q-—c;ﬁ)))_ (304)
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and

_A_&:—z,u%[ (Pa P‘)]E- (305)

—.(z)

As in the theory of the dense rigid-sphere fluid {to,m) , is

approximated by the followling product:
ta) c2) Sy )
)C (@,@) = j (o;p);c(a) (8) (306)

Thus the integral to be evaluated is

( G, (R= 6‘2- - QNaNqugG'mf fg (Can) K. (-‘P- - (307)

3o

305

N
X
ix

~0)

s
feartie |= - \LJLJec/&,dﬁ,,,

The quadratures required in Eq. (307) may be performed using
well-known methods. The results, when compared to the Newtonian

stress tensor, leads to the viscosity contribution

(2 <e=°.;))v= (?r(r?:c-.ﬁ)),, *(7:(’9=“'m)>u

(308)
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( 7“(6“5))v=< _I[/%@ﬁ_ )/usa? )(57:4/3)j’f;3

(309)
3
x [ 0(61(3) i ‘!-”‘;i.‘&ﬁ]
Fataa e
' += 66-3
y = LJ?-EA) Lﬂ_/ﬁs-—m ]
a4 07T CaarZen)
¢ "%f%j (@w)]
(z) (310)

)= (T el (T )"

Similarly, Bearman and Kirkwood give the heat flux due to the

intermolecular force in the form

s S5 -]

— Aza M=ol (311)

. (2) 3
Lo =fm i ) e Ja°r
. ()
where nm(ﬁ,7‘) is the average number density of mole-

cules of type n at ry and m at r in the configuration space of

[ (1.)
ordered pairs of molecules, and Jnm is the particle
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current density in pair space (6 dimensions).

With Assumptions (3) and (4), Eq. (309) 1s reduced to

Lo = [ V)Y - 2ol 2oy lor G2

-~

This 1s preclsely the result of Irving and Kirkwood, and we may
proceed in our analysls exactly as have Rice, Kirkwood, Ross and

Zwanzlg. After carrying through all the integrations, it is
found that

w )
(Kt (G.“@))—r = (K'«. (Sua) ),\,_ + (K“ <€¢))v (313)

with

( K:)(‘&) )1 = (B_T:géﬁ.ﬁ_k_tﬁ [(5;(3-7114-1/1-9)/&;

7("\4 +m,6

) /
L(1X- 0% +5) A, ])

N s 3 (314)
R - L Llne) T =
* 4 4, 1g (ZantZep) )

Me [
T~ i A Wl i
& q 4-[%8“"‘} - ‘e"(&a-f! )
‘mﬂf‘
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@) _ ) AL4?
(Kat®) ), = fRG o) (F5 ) () 22

There now remains only the computation of the soft short range
potential contribution to the energy flux and momentum flux.
In the Bearman-Kirkwood formalism, the soft-force contribution

to the shear tensor is

Ge(2%) L5 o § 8 B

nam Mo

(316)

Consider now the implications of the assumptions defining an
ldeal ionic melt. In Assumption (5) we have stated that the
short-range soft forces are much more important than the Coulomb
potential in transport phenomena. Rice has shown that the
Coulombic contribution to the molecular friction coefficient is
negligibly small. Thus in the soft-force contribution to the
stress tensor and heat flux, we consider the soft short-range
forces to be the only important soft forces. These forces have

a range which is less than two molecular diameters. It is
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therefore conslstent to remark that only nearest-neighbor
gsoft-force interactions are important. But from Assumption

(3) an lon 1s surrounded by lons of opposite charge. Equation

(312) therefore reduces to

Gv(R>%) = 2f J'-f;r,—‘tvja“)j:?a, fadd faa . (317)

We refer the reader to the paper by Lowry and Rice for
the details of the calculation of the soft contribution to the
shear viscosity.

The same procedure may be followed in evaluating the
sofr contribution to the thermal conductivity. The heat flux
is also given by Eq. (8) but now for R > Swa - We refer the
reader to the paper of Ikenberry and Rice for the details of
the calculation of the thermal conductivity. '

As a result of applying the procedures dgtailed by
Ikenberry, and Rice and Lowry and Rice, the folloﬁing contri-
butions to the thermal conductance and shear viscosity are

obtained:

ISKT

7\r (R> 6-.(5) - T (Saa * 13% M 5M>£ﬁ’V'(R)3ﬁ‘?)‘K{R)dK
(319)
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s (R7tR) TR gty Rip) = Rghaite)

(320)
2 (2) o'kp(f)b
don R R 70,
D kP‘(R) = 0O,
R 0o
KT £ Pa
X, (R>5) - 3’%:%%;*36@ fre *[RV(R)- we)]ﬁm)d&,]—ﬂ e 21)

TKT¢A
(S.u f[R‘WR) RV(R) 1S 9o (R) oIR .

Of course, the total thermal conductance and shear viscosity

have the respective forms

T =7+ 71}' (€) + I (R>&), (322)

K o= ¥, + () + Hor (R> Sy ) .
(323)
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5. Discussion

It can be seen from the preceding analysis that the
properties of a molten salt should be very mcuh like the prop-
ertles of a simple dense fluid. Detailed calculation must
awalt the determination of accurate pair correlation functions
and non-Coulombic contributions to the interionic pair potential.
However one property unique to the molten salt, its electrical
conductivity, deserves some further attention here even though
calculations are hindered by lack of adequate input information.

In Eq. (289) we have displayed a relationship between
the mobility of a charge carrier and the interaction potential.
There is predicted to be a deviation from the Nernst-Einstein
relations due to the distortion from spherical symmetry of the
surroundings of a selected ion. Because of this distortion
there 1s an internal electric field exerted on the selected ion
which is opposed (antiparallel) to the external field. Since
the net field exerted on an ion is less than the applied field,
the diffusion mobility is expected to exceed the conductance
mobility. This effect has been observed many times but no
adequate interpretation has heretofore been advanced. The most
common model assumes lon palring such that the neutral pairs con-
tribute to diffusion but not to electrical conductance. We shall
see that such an assumption is unnecessary.

From Eq. (289) the deviation term is found to be
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A= 2Tfa f(g—%)ﬁafj’(e)dk e

3KT

affer integration over the angles of a spherical coordinate
system with z chosen to be the polar axis. It will be noted
that the integral in A is identical to the integral defining
the pressure in a simple fluid Egq. (2!'4) and the calculation

1s therefore very sensitive to the relative positions of the
minimum of V and the first peak of ?:qfk) . Calculation
of A requires that V and go(e) be known. To estimate the mag-
niftude of A we assume that go(gg)is the same as that for liquid
Ar at the same number density,57 and that the potential is of a
depth determined by the ionization potentials and polarizabil-
lties of the ions but scaled to the depth of the Ar-Ar poten-
tial. This procedure leads to E = 96 x 10—16 ergs compared
to E =171 x 10-16 ergs. While these approximations are
admittedly crude, no better potentials or radial distribution

functions are currently available. In the simplest estimate

, 2 R (2)
we put gosga = 1 for all Ten > | » and g_ = 0 for
%} < | . This leads to A = 0.48 at 1loo°K for KC1l using
an

the 6-12 potential with parameters £ = 96 x 10"16 ergs and

57. By the same density 1s meant a density corresponding to
the Kirkwood parameter = 20, in the Kirkwood solution
of the Born-Green integro-differential equation.
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g =3.l4x 10'8 cm. This 1s certainly a crude value of A
because go(e) rises appreclably above unity in the first peak
and it 1is Just this region of the integrand that contributes
heavily to A. However, because of the opposite signs of the
attractive and repulsive forces, it is not clear whether or not
this value of A 1s large or small. For a better but still crude
calculation we use the function go(e) relevant to liquid Ar at

the constant density 1.68 x 10°° cm™3

58

and for several different
temperatures and pressures. This integration leads to
A= 0.28-0.30 a value sensibly independent of the variations in
go(e) over the range studied. For Ar, these variations cor-
respond to the temperatures 128°, 133.5° and 185.5°K with pres-
sures of 50, 100, and 500 atm, all at the constant density cited.
The predicted deviations from the Nernst-Einstein
relation are of the order of 10% to 40%, a range which is in
agreement with the experimental date presently available. (See
Table 6 ). Clearly, the calculation of a precise value of A
will require much more accurate pair potentials and pair cor-
relation functions than have been used in this crude computation.
Nevertheless, the order of magnitude agreement strongly suggests

that no ion pairing need be invoked in the description of

simple molten salts far from the critical temperature.

58. In our computation, the value of the integral was found
from the equation of state of liquid argon at the tempera-
tures reported and does not contain the errors of the
Kirkwood theory of the pair correlation function.
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Table 6

Experimental Devlations from Nernst-Einstein
Relation 1n Molten Salts

Diffusion coefficient
X lO4 cmg/sec

Salt Temperature From Ion From Tréber -A
oK Mobility Differential

NaCl 1111 1.39 1.63 0.17
1250 1.82 2.47 0.36

RbC1 1010 0.75 0.88 0.17
1163 0.17 1.46 .24

CsCl 943 0.60 0.73 0.21
1063 0.93 1.15 0.23

Nal 943 1.05 1.13 0.08
1067 1.44 1.47 0.014

The characteristic simplifying features of the ideal
ilonic melt studied in this chapter have also been recognlized and
successfully exploited in several recent theoretical studies of
moltén salts. On the basis of an earlier calculation it has
been asserted that the Coulomb potential plays no role in dis-
sipation of momentum and energy except that of determining the

local structure of the liquid. Recent calculations of the
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thermodynamic properties of salt mixture559 and of pure salts

indicate that the compressibilityGO and equation of state61

of
an ionic melt are well represented in terms of a hard-sphere
fluld model. Agaln, the only role of the long-range Coulomb
potential is to determine the density and local structure of
the liquid. 1Indeed, it appears that many of the properties of
ordinary liquids are well approximated by a model in which the
attractive forces determine the volume of the liquid, but all
dynamic properties are determined by hare-core encounters.
This suggests that the statistical geometry of the rigid-sphere
fluid 1s very simillar to that of a real liquid, an idea exploited
by Reiss and co-workers.62 We belleve this to be a very good
approximation for many (but not all) of the properties of an
ifonic fluid. |

It is important to examine the range in which the theory
presented here may be expected to be valid. It is well known
that when alkali halide melts or other ionic melts vaporize,
the gaseous state is composed of molecules not ions. Thus, as
the density of the fluid is lowered there must be a transition
from a fluid of ions to a fluid of molecules, i.e., extensive

lon pairing and molecule formation must occur. For this reason

the theory of ideal ionic melts, which is based on a reference

59. H. Reiss, J. L. Katz, and 0. J. Kleppa, J. Chem. Phys. 36,
144 (1962). o

60. F. H. Stillinger, J. Chem. Phys. 35, 1581 (1961).
61. D. A. McQuarrie, J. Phys. Chem. 66, 1508 (1961).

62. H. Reiss and J. Mayer, J. Chem. Phys. 34, 2001 (1961).
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state in whleh all particles are lons, will be valid at high
denslities and for temperatures far from the critical temperature.
A complete theory, which of necessity would include the possi-
bility of molecule formation, would not need different forces
since the alkall halide molecules are known to be "ionic". How-
ever, to develop such a theory the phase space of the system
would have to include those regions corresponding to bound
states. It 1s difficult to make a precise description of this
phase space, and those descriptions which have been given63
are awkward to work with. For the present it seems best to
examine the properties of molten salts far from the critical
point with the intent of testing in detail the extent theory.
From such studles may come the clues needed for definitive

extension of the theory of the lower density region of the

fluid range.

63. T. L. Hill, Statistical Mechanics (McGraw-Hill Book
Company, Inc., New York, 1950).




CHAPTER IV
A NON-MARKOVIAN THEORY FOR MOMENTUM RELAXATION

1. Introduction

Recently, Rahman65 has performed some very interesting
computer calculations. He studied the classical equations of
motion of 864 argon atoms interacting with a Lennard-Jones
potential, to slmulate molecular dynamics in liquid argon at
94 . 4°K and a density of 1.374 gm/bm3. The basic assumptions
made .are that a) classical mechanics is valid and b) argon
atoms interact through a two body central force. Further
assumptlons have to be made to make the calculation possible.
The two body potential has to be truncated beyond a certain
range, the number of particles in the assembly has to be kept
small, and suitable boundary conditions must be imposed.
Finally, the classical equations of motion are written as a set
of difference equations, thus involving a finite increment of
time for the transition from one set of positions and veloc-
ities to another set. These difference equations are then
solved on a CDC 3600.

Rahman computes the space time self-correlation function,

the velocity autocorrelation function, and the spectrum

65. A. Rahman, private communication.

159
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assoclated with thls autocorrelation function among other
things. Although his orlginal goal was to study the Van Hove
space time correlation functions and thereby to predict the way
in which slow neutrons would be 1lnelastically scattered from
the 1liquid, Rahman has actually performed an "experiment" and
we shall regard his calculations as raw data which require
theoretical explanation.

In recent years great progress has been made in the
development of a general statistical mechanics of irreversible

66-68

processes. The work of Van Hove and Prigogine and co-

workersl’2

stands in the forefront of these efforts. The
formalism developed has been successfully used to derive the
well known kinetic equations, such as the Boltzmann equation
and the Fokker-Planck equation. All of these derivations are
carried out for dilute or weakly coupled systems and, to date,
no kinetic equations for dense or strongly coupled systems have
been derived by these methods. There have been some attempts
to derlve the Rice-Allnatt equation on the basis of these
methods, but nobody has succeeded. Furthermore, although the
theory 1s exact within the limits of perturbation theory and
provides a method for deriving non-Markovian equations, there

has been very little activity in this area. To understand,

and explain such properties of dense flulds, as the veloclty

66. L. Van Hove, Physica 21, 512 (1955).
67. L. Van Hove, Physica 22, 343 (1956).
68. L. Van Hove, Physica 23, 441 (1957).
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and force autocorrelation functlons, a reallstlc non-Markovian
kinetic equation for dense strongly coupled systems 1s abso-
lutely necessary. Because Prigogine's analysis 1s based on a
perturbation solution of the Liouville equation in which the
free particle states are chosen as the basis set, 1t seems
reasonable to doubt that such a realistic equation will be
found. If the Liouville equation could be solved for a more
realistic system; that 1s, a system which contains some of
the features of the dense fluid, there might be some hope for
obtaining the much needed non-Markovian equation. Thus, due
to the lack of information the scientist interested in the
statistical features of simple dense fluids must adopt methods
which are questionable from the point of view of rigor. To
be rigorous is indeed desirable, but for the present problem
impossible. The work presented in this chapter is therefore
based on an ansatz, the validity of which will be tested on
the basis of whether or not 1t provides agreement with the
computer experiment of Rahman.

Recently Zwanzig69 has derived the autocorrelation
formulae for transport coefficients. The first part of his
paper was devoted to a derivation of these formulae based on
the classical work of Kubo, Yokata, and Nakajima8 in which
linear regression of fluctuations is assumed. In addition,
these authors regard the fluctuating variables as a multi-

dimensional Markov random process. It is well known that this

69. R. Zwanzig, J. Chem. Phys. 40, 2527 (1964).
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derlvatlion leads to a contradiction which may be simply stated;
the autocorrelation function of a random variable at t = O 1is
equal to 1ts first derivative with respéct to time at t = O.
The function at t = O is nonzero, whereas its derivative at
t = O 1s zero. Hence, the contradiction. Zwanzig makes the
assumption of linear regression but does not find it necessary
to make the Markovian assumption. By introducing a parameter
of slowness S in such a way that as §—~<: the product gtf
is held fixed, that is in such a way that as %-—7-0, t— oo J
Zwanzlg obtains the Markovian equation for the regression of
fluctuations as well as the Kubo formula. He then concludes
that for short times the non-Markovian nature of the molecular
process cannot be ignored, but for long times these effects
become less important. The contradiction mentioned above
therefore does not appear in Zwanzig's derivation, because
according to him it is absurd to think that a Markovian equation
holds for short times. To illustrate his method, Zwanzig derives
Kirkwood's formula for the friction coefficient, a very inter-
esting result indeed.

Starting with Onsager's pioneering wor'k,70’7'1 almost
all transport theories have been based on Markovian assumptions..?2
In the context of the work to be outlined here these assump-

tions may be states: the autocorrelation function of the

70. L. Onsager, Phys. Rev. 40, 405 (1931).
7l. L. Onsager, Phys. Rev. 37, 2265 (1931).

72. S.R. DeGroot and P. Mazur, Non-Equilibrium Thermodynamics
(North-Holland Publishing Company, BAmsterdam, 1962).
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momentum should decay to zero long before a molecule can be
said to have moved a macroscopic distance. Of course in this
time neighboring molecules cannot move a macroscopic distance,
and the local density should remain fairly constant. This
assumption, 1t may be pointed out, makes behavior in momentum
space 1lndependent of behavior in «configuration space, that is,
1t decouples momentum and configuration space. What happens if
the density fluctuates while the momentum correlation function
is decaying? That is, what if hydrodynamic times are of the
same order of magnitude as the time scale on which molecular
processes such as momentum relaxation take place? This is a
question which 1s ignored by use of the Markovian assumption.

By 1ntroduclng a parameter of slowness g , and by
letting g-—70 ,» Zwanzig essentially forces the density
to remain constant while the momentum is relaxing. It 1is thus
no surprise that he obtains a Markovian result. As we have said,
letting g—-,o is tantamount to letting € —=o< . Thus for
long time behavior the decay of the momentum should be Markovian.
This can be sald more clearly in the followlng way. For long
time behavior the decay of a Fourier component of the density
may be found from the space Fourier transform of the diffusion

equation,

E{* =—k‘<9ﬁ.
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The diffusion equation describes the asymptotic time evolution
of the Fourler components of the density. The individual
Fourier components of the density decay at different rates
depending upon the wavelength of the inhomogenelty or density
fluctuation 7%— . In any case the rate of change of the
Fourier components decreases with time; that 1is as + = 0o
3%% —_ . Thus for long periods of time a particle on
the average sees and feels a fairly constant background, a
background with density changing very slowly in time. For
small k, or large wavelength, fluctuations in the density,
%__,b quite slowly, and these inhomogeneities do not

hsgi a very lmportant effect on the decay of momentum. The most
important contributions to non-Markovian behavior of the momentum
come from the short wavelength or large k density fluctuations,
because these correspond to rapid processes.

The ansatz used in this work is that the memory the
random variable has for its previous value is exponentialj;
that 1s, the closer to the previous value it is in time, the
better is its memory of that variable. This will be made more

meaningful later.

2. Formulation of the Problem
Most discussions of fluctuations begin by assuming the
regression of fluctuations. This assumption may be stated simply
In the following way. Spontaneous fluctuations from thermal
equilibrium obey macroscopic transport laws. As we have said,

Markovlian behavior is also assumed, by which we mean that the
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correlation time of a macroscopic random variable L (t)
is much greater than that of 1ts time derivative é%(f)
Loe. (F), T, (e, Ece))

The macroscopic random variables of interest here are a
set O (£), 0LE), QL) . - - o . . G (E), OLalt).
This set may be denoted by a vector E&(t) where it is under-
stood that the n-tuple of numbers {Ot.n_(‘t)g are the components
of this vector. Macroscopic transport laws describe the evolu-
tion in time of Eélt) , Where ég(f) denotes the average
of E&(t) in repeated experiments all performed in such a
way that 9&(0) is the same. This is a fixed ensemble
average where by fixed we mean that all of the members of the
erisemble are chosen in such a way that at t = 0 they all have
the same value Q}(O) . The random variables are chosen
as deviations in properties from thelr thermal equilibrium
values. Such a property would be the average momentum of a
particle at time t given that its initlal momentum at time zero
was .B (o) . Obviously this quantity is a deviation,
because its thermal equilibrium value is =zero.

In the Markovian form, the linear regression laws may

be written as

e -

A0, (t) -
- - sz (4),

(325)

Q-
[}
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Here the coefficients K are lndependent of time. Zwanzig

13
shows that Eq.(325) is a limiting form of the much more gen-

eral non-Markovian equation

t
n
da.(t) _ } 7]
s = —-3_| OK‘;J (t')aJ(t-t')dtl (326)

The "ansatz" mentioned in the introduction and used throughout
this chapter is that

-t
Ky (4) = oy Ky e 0 (327)

We shall see later that any two parameter Kij(tl) can be chosen
which reduces to Eq. (325) in the Markovian limit. Thus for

example
—agt
Kaj(“c.)-—- e " cox Yiyt, (328)

ot =Yy tt
N t' - J J
KL]< ) =€ e 001
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might have been chosen but the analysls would have been far too
difficult. Equation (327) was chosen originally for the fol-
lowing reason. If t-t; >2 T, where T 1s the time over which
the random varlables corresponding to the density fluctuations
interfered with the decay of the momentum in our exaﬁple in the
introduction, then &J (f'to) ~ é—(J (.t) and the integration

may be extended to infinity. Thus Eq. (326) becomes

zgi(t) _ JZ: U K (60dt, B ).

(330)

This 1s the Markovian 1limit of Eq. (326) and in order that

Eq. (325) be retrieved it 1s necessary that

g\o \’(Lj ("’.n)dt, = l’< LJ' . (331)

It is immediately observed that the particular ansatz made in
this work, that is Egq. (327) automatically satisfies this con-
dition. Equations (328) and (329) may be forced to do so also.
We can éhow this by a method very similar to the manner 1n
which Zwanzlg obtains the Markovian autocorrelation function
formula, i.e., by introducing the parameter of slowness §.
This shall be discussed in relation to the particular problem
of the velocity correlation function.

In going from Eq. (326) to Eq. (325)‘via equations (330)
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and (331), an approximation has been made. This can be best

11lustrated by using an equation for one random variable instead

of n. Equation (326) may be written for this situation as

t
datt). _ (& -
0. - ( Kende-tdt,

The ansatz we shall use is that

ot

P< (t,) = o K IGL— .

~
The Laplace transform ‘A<(S) of P<(fh) is introduced.

oo
) -st
K(S):SO{{'|Q 'K(t,)
The inverse transform is
C+Loo <t~
K(t,) = iwlr‘:.g ds &' K (s),
C-tco

(332)

(333)

(334)

(335)

where ¢ denotes the point at which the Bromwich contour should

be constructed.

Substituting the ansatz of Eq. (333) into Eq. (334)

ylelds
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/

% a K ’ (336)
Kls) = oL +S

Equation (336) can now be used to verify the following results

[ 5—% RJ(S)Lm * —a Res K-a)=o0, (337)

K0) = L Res K (-20) =0, (538)

o ~J
where RGS K(=ct) denotes the residue of K(_g) at 1its
single pole -a. Substituting Eq. (336) into Eq. (335) it is
found that

-oat,

K ,) = Kes K(—a.) (339)

[ K@ = L res Reo

(340)
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or by Eq. (338)

+00 N
g K@)dT = K (0). (341)
o

Similarly 1t is found that

|kt [ g R (342)

o

The ldentity

may easlly be verified. Thus

o n
~ o —OLT vl
idc ¢ e = [(”) da“]C*
n
- |
_ y n | (343)
al‘t,+' L4
n!
- = a«.n
°°~ n nl ’V ni -
idat K('E) = oon Kes K(‘O‘-)= &—;;-;, K(O)
nl ~
- K (o)
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Equation (332) may also be written

- €t
odalt). _ fdt.K(t-t.)o‘t_ct.),
Cit °

(344)
Cl(t}) may be expanded around t. Let T= t'“tl, then
o on n
Substituting this into Eq. (344), and changing variables in
the integral, it is found that
). %) gol’t' M) &, Gt
olt — X . (346)

[
por € 2 75, the limit of this integral may be extended

to infinity. Thus using Eg. (343) yields

da(t). _ S 7, DYt =
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We have stated what 1s meant by the Markovian assumptlon in the
first part of thig_chapter. There we sald that the temporal
varlation of g%%it) 1s assumed to be much smaller than
that of Ci(t) . Thus we may neglect all terms with N Y | 1in
this expansion. As we shall see later, a 1s of the same order
as E{(Ci) » and we are therefore justified in assuming that

R(O)/ O(_n‘mo for A 1 . Equatlon (347) becomes, after

all these considerations are introduced,

—_— o
oot (t) = - K(O) a:(‘t)
AF -~ _ (348)
+ Klo) dat),
a ol

Rearranging these terms yilelds

[I - E_(o)] dolt) = - l:(v(o)é?_(t)

ol clt ’ (349)
da(t) R B
dAlt) _ _ - ro)|

This 1s the Markovian equation that we have sought. Thus by

comparison with Eq. (325)
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NS

‘X(o) [l - -%0)] - K. (351)

If Eq. (348) is iterated, the result is

_ o B e
z_}%(ﬂ:_K(o)L DS (t).

(352)

By comparison with Eq.

_o2, A Y

\
Z_, K(O) = Kr (353)

is obtained. We can simply illustrate Zwanzig's method for

obtaining a Markovian equation from our non-Markovian equation

(332) using the ansatz of Eq. (333). A parameter of slowness
g is introduced such that

S= §%X
- Qf/'g

(354)

when %v ©, ¥ 1is kept fixed, and thus t—woe. 1In the

Markovian equation
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da(f): - K OL(,t))
we notice that 1f K i1s made smaller the process becomes much
slower. Thus, replacing K by g-P(w\ , and taking the limit
g — 0O 1is tantamount to making the process slow or to
observing the long time behavior of the equation. Substituting

our ansatz, Eq. (333), into Egq. (332) we have

— ¢ —oLt,
dale) (et e igene,)

ot (355)

Now from the Laplace convolution theorem(the Laplace

transform &;(S) of the integral
€
®(t) = yodtl £ (6-t')'§1(tl)

is the product of the Laplace transforms of the functions:

bs)- f(s)f:(s)

(see Eq. (334)», the Laplace transform of Eq. (355) is found to
be

SAs) - o) = - 2K )

oL+ S p) (356)
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N\
which when solved for @L(S) yilelds

a(o)
S+ ak’ (357)
oL +S

o(s) =

The inverse transform of Eq. (357) ylelds

C+tLtoo
— N st (o)
OL({:) = 2Tl cls < S + a‘</ .
C-coo a+rs (358)
/ /
- d
Introducing the parameter of slowness g} K - g Km/ an
Eq. (358) becomes
e+ LOO —
bt) = = \dx ¢ ' (359)
(T) = i ‘ X + CAKa
C-roo o+ 3X

Taking the limit of Eq. (359) as S —> 0 gives

C+Lo00
. | Xt ol(o)
o}@m b)) = — odx e - —- .
‘5_40 2T L C- teo X + KM (360)
/
There is a simple pole at X = - Km . Thus by uslng the

residue theorem it is found that
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'/\4

. - Kan'C -
Lom. bi)= 7 " @ (o) (361)

3—;0

/
Now C = ?t ) K:. = —‘g- , and Eq. (361) becomes |

Zom b)Y = e " T30y,

At (362)

This 1s precisely the result one gets from the Markovian equa-
tions if K = K'. Thus in the limit § — O , the non-Markovian
equation gives the correct Markovian 1limit. This completes

our discussion of the general formulation of the non-Markovian

regression of fluctuations.

3. The Momentum Autocorrelation Function
In this section the theory developed in the last
section shall be applied to the problem of the momentum cor-
relatlon function.

The transport equation for momentum relaxation is

2 <rt)y = —p< RIS,
dt =~ ~ ~ (363)

/
In this equation < P, (t) :> 1s the average momentum of
particle 1 at time t given that the initial momentum was P, Q:))
and B 1s the friction coefficient. Multiplying this equation

by '%(O) , and averaging over the equilibrium distribution of
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R(O) yilelds

c%_<5(o)-5(t)>-.— S NACTITON -

<P,(o)~ R (f)) is the momentum autocorrelation function.
We may divide this equation by <f,(0)t>‘which 1s 3mKT, (from
equipartition of energy) to normalize the correlation function.
The normalized correlation function \#1t) is therefore described

by the following equation
O% Pie) = - BP), (365)

with the boundary condition WY(o) = I.

Equation (365) is a Markovian equation. The procedure
outlined in the last section may be applied to this equation,
if K is identified with B. The non-Markovian equation cor-

responding to Eq. (332) and (333) of the previous section is

v t
T [ ke Wie-tae,. (366)

The Laplace transform of this equation is found by using the

convolution theorem,
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sWis) - Wio) = - Kis)Wres), (367)
wilth
Kis) = T (368)

If the procedure adopted in deriving Eq. (331) were used,
V=8. (369)

On the other hand, if Eq. (351) is used then
-1
| + E:i] = .
Y[ i 3 (370)

There is yet a third relation for Y and oL in terms

of B. From Eq. (353) it is found that

o )/nf-l
Z , pr 3. (371)

Of course B 1s related to the diffusion coefficient through

the Einsteln relation,

KT
°9 S mpa (372)

%
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~J
Substituting Eq. (368) into Eq. (367) and solving for qJ(s)

yilelds
~ |
Wis) = s+ KIS) Yio), (373)
a+S
T 5* Los+oY kP(D)/
N oL + S
\‘P(S)z kP(D)
(5-84)(s-s.) = (374)
where
S+ = =~ Z |13 /T J
- 2L s v (375)

~
The Laplace transform may be inverted to find qut). qJ(s)
has two first order poles at S+ and S_ . Thus the residue

theorem may be used to find the inverse transform

C+LOO

st ol +3
W(t> -2“"‘ . (s-s.)(s-5.) ’ (380)

- oQ
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ol+Sy skt oL +8S s-t
Vit) = e - 3 . (381)
) S+_S_ 54-_3_ Q
It 1s easily verified that OL + S, = -S_, and OL+S_=-S;.

Equation (381) may therefore be written

\ st S+t
WYi(t) = s—::g-{ S+.& - S_e . (382)

In chapter I Eq. (13) a very useful relation was

derived,

iy _
—_— ). = - (o) - .
5c2 SR B> CR©-Fe)5 (383)

since <P (o). R(t)> = 3mkT Y(¢t) , Eq.(383)

can be written in terms of the normalized momentum correlation

function as

KR FE)>=-3meT 2H0). (384)

Substituting Eq. (383) into (384) yields
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— _t a2 et
<\-.(o)'5(t)>= - ?p_@?%& S_?'Cs— S-S. €S+ g,(385)

In chapter I Eq. (23) a relation was derived which is also of

interest.
{F ) Fo)y= KT<CT*V >, (386)

From Eq. (385) it 1s found that

<F|(0)‘E_.(O)>: IMKT S+S5_ . (387)

Combining Egs. (386) and (387) yields

< - <vAVS
- T (388)

From Eq. (375) it is found that S,.S_=¥0L. 1In this way it

is found that

_ <v?V
o 3Im > (389)
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If Eq. (369) 1s used

< \71\/>
(p0t = 3m (390)

a result which we shall have more to say about later. If Eq.
(370) 1s used in conjunction with Eq. (389), ¥ , and a may
be completely determined if <V"\/> and B can be found. As we
shall see in section 6, B can be found from the measured dif-
fusion coefficient, Eq. (372), and <V7‘V> can be found from
isotope separation data. 1In this way the velocity and force
correlation function may be determined.

Equation (366) may be written

€
c;i(}‘_wt).—.- { K(t-t )Wt dt, - (391)

If this equation is now differentiated with respect to t it is

found that

W) kio)Wie) - PK“ et
At? (392)

Of course Eq. (392) may be used to obtain Eq. (389) straight-

forwardly. Combining Eq. (386) and (384) gives
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K (o) = <_v_:\_/_> (393)

But 1t 1s not for this purpose that Eq. (392) was written.
Substituting K(t): OLXQ—O('t into Eq. (392) and performing
the necessary integration yields the second order differential

equation

o * Pt V(¢)=
T ) roavVWw) +a¥it)=o, (39)

which becomes on substitution of Eq. (369),

3£M+0%W&wmdﬂwﬂl (395)

Equation (395) is interesting for reasons that will be made
clear in section 7.
4. The Power Spectrum of the Velocity, the Mean
Square Displacement of a Particle,
the First and Second Order
Moments of the Momentum
We have already discussed the autocorrelation function
of a random variable; such as the momentum of a particle. We

have made the tacit assumption that the momentum of a particle

is a stationary random process, which means that the
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autocorrelatlon functlon is independent of the origln of time.
If Qpo) 1s a random variable, then stationarity may be

summarized as follows,
D) = <olt) a(e+T) D, (396)

That is gb is a function of ‘¢° and not of t. The Fourier

transform of Ql(t) may be taken as

+ 20 .
- o le) e o

QW) L»" € / (397)

the 1inverse transform as
4+ O
—wot
| o)

aAlt) = ﬁf_wq(w) © ‘ (398)

Inserting this last relation into Eq. (396) yields
+ 0% + 0o
~Yy. <oUw)  ottw')>
Pw) qrrzj:oo J‘.w = = (399)

st - LW (E+T)
- C cdwdw’,

Equation (396) requires that the right-hand side of this equa-

tion be independent of t. To insure that Eq. (396) is satisfied
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the condition

<aWotlw)>= <ot*w) S Jw+w’) (400)

is imposed. Although Q(__(DJ) is complex, < a"(u.))> is
evidently real. The quantity <g_(u))0_l._'(w')> differs from zero
only when ) ’= = W , thus the quantity <o(_2(u_)) >

= <a2u)).a(u))> which is real. Inserting Eq. (400) into (399)

/
and performing the ) integration yields

D) = — fw<oc‘(w)>e'°wdu.

(401)

From Eq. (366) we find that

408
Pe) = <ae¥> = L. l<atwnduw. o

By analogy with electrical systems where (__B_C(t) 1s the
current at time t, and <dz> is the power <OLZ(UJ)> may
be viewed as a generalized power spectrum. Since <CLZ(LO)>
= <g(u_))q_(—w)> the integrand in Eg. (402) is even and

we may therefore write it as
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ol
Po) = 2. <ot w)>olu . (103)

We therefore call <a,2(u3)>/;m-— the power spectrum associated
with the random variable Of (t) . The following notation

shall be used

G(w) = & <A™ (wWy,

(4ou)
and Eq. (401) becomes
‘ " catw)> - T
)= — : -t
¢ ) 2T d_eo 2T e du/
oo . (405)
\ - LW
= S e G(w)e duw .
Equatlon (405) may be inverted to give
+ OO0 .
T
G (W)= yw prie dr. (406)

To obtain a result expressed only in terms of future times,

i.e. for T > O, we may split the region of integration

(-02,0), (0,c0) and make use of the stationarity condition.
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<o) aoI>= oo -al-T) D, (07)

to obtain

G;(UJ) = C}+ (UJ) + C;; (Q))) (408)

where

G,w) = e p@d,

G (w) = g:oe.‘ "“""\"¢ c)d? . (109)
At this point it may be noted that
G‘+ (w)= G_ (- ‘0)) (410)
and |
G (w) - 2f°5>6’¢‘> % g‘;ﬁ'mgw
? (311)

—

- :
= 2 \g\qblﬂf) CeoowT AT .
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Thus G(w ) as we have defined it may be expressed as the cosine
transform of the autocorrelation function. This 1is the famous

Wlener-Khinchine Theorem.

The power spectrum GP LUO) assoclilated with the nor-
malized veloclity correlation function defined in the last sec-

tion may be defined from Eq. (411) as
oo
G—F(UO) = 2 £ P t) Coo wT - (412)

For convenience in comparing these results with future work,

we define a function :péu))r }GFU‘O);

oo
fw) = 7] P@)Coowrde. (113)
[+
Substituting Eq. (382) into Eq. (4#13) and integrating yilelds

(W)= - S+S-—(s_+5s. )Y (414)
Jc ) (sy +wW*)(sS*+w>)

or in terms of o, B, ¥ , W ,

*Y
feo) = - = .
aA*¥* v a1 =-2%aL )W+ wH

2

(415)
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Another quantity that we want to find is the mean

square displacement of a molecule as a function of time.

t
Aﬁ(ﬂ = g Vi (£))dt,- (416)
Thus
AR (£)-AR (¢))= <AR @)D,
t t
b X
<A~?,(t) > = f j<*v-‘,(f,):7_)7(t;)>df'oltl) (417)
t ¢
- =) [enen peaydedt, - s
Because P. (t) is assumed to be a stationary random variable,

<P|(+-| ). P,({’-z.)> = < P,(O)' P| (t;_"‘ta)> - Substituting this
into Eq. (418) and using the definition of the normalized momen-

tum correlation function, it is found that

t t
<AR.HI )2>= 3___‘%‘__£ S\odi‘,dfz_qj(‘l;,_" t,) ) (419)
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Transforming the variables to & = ta-t,

"T‘: t, + ta where
D(tn,tl) o
2T, ™) 2 °

and the limits of integration are " '= (O)Z'l:) and

T=(-t, t) yields

2t ¢
<AR,Z(t)>—- KT \grlae W o).
2 o e

To check this formula we apply it to the well known case of

-RT

Brownian motion where WYtT)= € . The result is the

same as that found by Chandrasekhar.

Furthermore, Eq. (420) may be used in yet another

way. Eq. (420) may be written as

t
Care)y= Tt far Ve

The definition of the diffusion coefficient is

U&; Do <AR({:)>

t —o°

(420)

(421)

(422)
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When Eq. (421) 1s substituted into Eq. (422), and the fact that
\P 1s an even function of /T’ 1s exploited,

D= Lo <aRMEI> kT ot Vi)

t —oo € m (423)
is obtained. Egq. (381) may now be used and the integral in
Eq. (423) evaluated yielding
KT (s_
L = - (2=254) (n2)
m S+ So

Eq. (375) may be used to find,
O - kKT
- my

which, if ¥ = B, 1s precisely the Einstein relation Eq. (372).
This result strongly indicates that Eq. (369) 1s the one that
should be used for computational pruposes. This was also sug-
gested by Eq. (362).

For reasons that will become clear in the discussion,

the time dependence of the following moments will be needed.

SaRte)y= <EW7 - R (25)
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and

(BN > = <RI > - Ao, (126)

The subscript 1 indicates that the average is performed in an
ensemble in which the initial momentum of particle 1 1s fixed.

The first moment is simply found to be

AR = [ Wie) -1 ] R o).

(427)

The second moment is a bit more difficult to find. Remembering

that
t

ag oz | Fdt

"’ ° (428)
where F; is the force acting on particle 1, the second
moment is found to be

t t
<(A|7'(t) )z> = g S(Ett.)-ﬁ(t;)>o&,dt;,
— oo ~ ~ (429)

Remembering that the force is assumed to be a stationary random

varlable, and performing the same change of variable as 1in
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obtaining Eq. (420), it is found that

| | 2t rt
<(8pW))" D =+ fg’l‘f_dg F@)- Fr)). (430)

Equation (384) may now be used in Eq. (430) to obtain

Lt
L(apw) p=- 30 KTJ’PJ ek S
o -t

2
2 2T (431)
*
Here 1t is assumed that %gigi- is an even function of T,
2 ¢ 2 ()
N
(8RS = - emkTt |, 2 1) e sy

APt
- -6mKT t é't-}é N

Equations (428) and (432) are the desired results.

5. Relaxation Time Equation
In thils sectlon a very simple kinetic model shall be
discussed. It should be pointed out immediately that this

model 1s studied for heuristic reasons only. It is indeed
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much less meaningful than all the work discussed in the pre-
vious sectlons, but 1t serves to clarify some points because
it begins with a kinetlic equatlon. The work presented here
1s closely related to work done by Haubold73 and by Van Hove
and Verboven.74’75

It 1s assumed that the following kinetlic equation
describes the time evolution of the single particle velocity
distribution function 9?(12){:) for a homogeneous system 1in

the Markovian approximation

2P, e) . _ [ Pev, €y - 30?3,) ] .

ot (433)

| (o)
Here Yy 1s a relaxation time, and P(w ) 1is the
equllibrium velocity distribution function which 1s Maxwellian.
- (0)
Defining S(P(v’,)t) = P, t) - Pow) as the
deviation of the distribution function from equilibrium Eq.

(433) may be written

08Ft) - _ySPux +).
2t ’ Y (434)

73. K. Haubold, Physica 28, 834 (1962).
T4. L. Van Hove, and E. Verboven, Physica 27, 418 (1961).
75. E. Verboven, J. Math. Phys. 4, 266 (1963).
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We want to find the non-Markovian kinetic equation which reduces
to Eq. (434) in the Markovian 1imit, i.e., for long times.
It will be remembered that Prigogine and co-workers
have derived the following master equation for the velocity

distribution in a homogeneous system

t
gféﬁocv.,t): _ gdf.G-(e-t,)S@(GJ f FR)
. (435)

where F7+(t,) is a destruction fragment representing the
finite range of the initial spatial correlations. It is
assumed that F7+(t'7 damps out very quickly. The remaining
term on the right-hand side of Eq. (435) describes the scat-
tering process or collision process which makes (F(V,)-t)
evolve towards equilibrium. The equation, as it stands, is
non-Markovian because 890(13',,1:) depends on an integration
over 1ts whole history. As before, we want to choose C;(t‘td)
in such a way that Eq. (435) reduces to Eq. (434) for long

times. We adopt the "ansatz" as before that

-¢,
G(t-t.)wwe"“(t )
(436)

Substituting Eq. (436) into Eq. (435), multiplying the resulting
- : 3

equation by V;  and integrating over o “V; | it is found

that
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t

amlt-t))
9 TRY e~ <) Yot
3¢ <V (t) y=-M f: 7 (6 Pty (437

where

<Y ) = Uf%%r,,t)gdsm

= fff P, ,t )V, d >, (438)

because the equilibrium average is zero.
Actually what is wanted is the average value of
v, (t) given that at time zero the veloclty was 7V, (0)

This can be stated in terms of a boundary condition on Eq.

(435).

SP0) = S(vi - (o)) - PO
) el __,(0)> }0(‘07) (439)
Thus
<Y (0)> = fffSQQ-EW))E d v, (440)
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glven this initial condition, Eq. (437) becomes

t

' —/LL('é' “tg ) [

?—,— <v7(“:)>:—/u-y[e’ <E(tl)>oul

ot — ° (421)
where the 1 indicates a fixed ensemble average in accordance
with Eq. (439). Multiplying Eq. (441) by 7V (0) , and
averaging this over the Maxwellian distribution then gives,
after diving by <7V, (0) * )

Y ¢ le-t)
o Wit) f - et

which is of the same form as Eq. (366). The procedure dis-
cussed in the preceeding sections‘mayvnow be applied to Egq.
(442) and identical results are obtained.

It must be emphasized that this derivation of Eq.
(442) 1is inferior to the previous derivation if for no other
reason that the relaxation time equation is unworthy of the
slightest recognition. It corresponds to no known physical
system. Furthermore, the regression of fluctuatlons in the
Markovian 1limit is adequately described by a relaxation time
equation of the form of Eq. (325); whereas, the distribution
function is scarcely if ever represented by a relaxation equa-

tion. The procedure followed here could have been used for
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76

the Fokker-Planck equation. Some recent work by Brocas

contains the relevant information.

6. Numerical Calculations

The computer experiment of Rahman was performed at
94 .4°K and a density of 1.374 g/bm'3. The calculations based
upon the work presented here were done for the same conditions.
Several calculations of the normalized momentum correlation
function, and the corresponding power spectrum were performed.
In addition the mean square displacement, and the second
moment of the momentum as a function of time were calculated.
All of these calculations are displayed in Figs. (1)--(24),
which occupy the following pages. The reason that many cal-
culations were performed is simple: uncertainty in data.
As was shown in the preceeding pages a knowledge of the dif-
fusion coefficient, and of the mean square force, or the mean
Laplacian of the potential, i1s sufficient for the determination
of the parameters o and ¥ through Egqs. (369), (370), and
(371). The difficulty arises from the fact that the computer
calculations of Rahman yield a diffusion coefficient D =
2.4 x 1O_5 EEE- whereas the value measured by Nagigadeh and

sec

= a2
Rice!’ 1s D = 2.72 x 1072 S . The difference between the

computer results and the experiment may be explained by the

fact that Rahman used a Lennard-Jones potential with parameters

76. J. Brocas, private communication.

77 - %. ga%igadeh and S. A. Rice, J. Chem. Phys. 36, 2710
1962).
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obtalined from gas phase measurements. If the intermolecular
forces are adequately represented by a Lennard-Jones potential
it 1is almost certain that the parameters will not be the same
as those measured in the gas phase. Furthermore, 1t is not
at all certain that the intermolecular potential is a Lennard-
Jones potential. Certainly there must be three body effects
present to change the picture even more. 1In point of fact,
Rahman has made the calculation of the diffusion coefficient
for the same fluid except with a modified Buckingham potential
and reports better agreement with the measurements of Nagizadeh
and Rice. Thus one should use the diffusion coefficient cal-

culated'by Rahman instead of the experimental value, for the

real value does not correspond to the argon model used by Rahman.

The procedure adopted here was to perform the calculation for
both values of the diffusion coefficient so that both sides
of the argument are adequately presented.

A similar difficulty arises when the term < V>V >
is considered. As was mentioned in Chapter II this quantity
can be obtained from isotope separation data for argon liquid
in equilibrium with argon vapor at the temperature and density
stated above. The data are scanty, and the inaccuracies in
choosing the correct value are large. The data are presented
in Fig. (24) for the benefit of the reader. Furthermore, this
data corresponds to the real intermolecular potential whereas
Rahman 1s dealing with a highly idealized potential. For the
same reasons as stated in the case of the diffusion coefficient

it 1s felt that 1t would be better to use a value for < V2V
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computed by Rahman, had he performed this calculation. Unfor-
tunately, he dld not; there 1s, however, a way to find it
from his data.
The right-hand side of Eq. (366) may be Taylor expanded

and only the term linear in t retaiﬁed,

d Yo ¢ -
;a_—— = - [K(‘t)‘]ulc)-l- Sola((t.) %‘_u-_u_)_(t fu)ou.‘] € 4. 00

t*0
= - KoYt + (443)
= - GLXt .
Thus for £ — o if we measure the slope in Rahman's computed

correlation function we may find oLy ,» and -thereby pemnform
the remaining calculations. When this 1s done <V2V> is
found to be 11.0 x 103 ergs/cm2 as compared to 10.7 Xx 103 ergs
measured by Boata.

We present here a sample calculation of the velocity
correlation function and its power spectrum for argon at
T = 94.4°K and f = 1.37h g/cc. Rahman's value of the dif-
fusion coefficient D = 2.43 x 1072 g is used. The best value
for <V1\/> that can be picked from Rahman's calculation
appears to be 11.0 x 1O3 e_rg_ . For this sample calculation we
take ¥ = B as given in Egm (369). Actually Eq. (370) or
Eq. (371), should be used but the numerical work is a bit more
complicated. Egs. (369) and (371) are used, and the results

are displayed in the following curves; however, for the sake

of the sample calculation Eq. (369) is chosen.
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Equation (45) 1s used to find B,

= % = 8.06x%10 " pe!

m

Equation (B90) is used to obtain B,

6
<VAV> _ 5,65 %10 ae”]

cH@.: =

From Eqs. (444) and (445) o is found to be

12 -
o= ¥.06xI10 Al
and
&/d— = 1. O .
Now
bz.: '_g_'ﬁ/a = _30&

Thus we see from Eq. (375) that S+ 1s complex.
1s substituted into Eq. (388) it is found that

2

When this

(bat)

(445)

(446)

(447)

(448)
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Yir): e q'o-‘t[c.c(mos’t:) + 063@(7‘03’1:)]

It should be noted that this functlon shows damped oscillatory
behavior. HJ(T~) will always have oscillations if b'<o
however, in the case that bz'z,o there are no oscillations
in q)C17) . This effect is seen to be density dependent
because aff 1s related to the mean square force which is density
dependent.

Using the values for a and B in Eq. (415) yilelds

L) 0 120
= -26 . a -S2 .,
0.420 - - S x10 T WE #1077
(449)
Eq. (421) may be used to compute the mean square dis-
placement. it is convenient to present this function in a
different form. A function T(t) may be defilned
- LAR(£)D :
[(t) = LTI K_Itfdfcr‘l‘c't)
(.5 nS ", ’ (450)

€t
= pt [av . (451)
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When o and B as computed in Egs. (444) and (446), are used

~r-T - 4.037T
(T)= e T - Co—o(é.?(.’t") + 0.5’5’7M(L.%6'C)]
+ T,
Eq. (432) may be used to compute the 2nd moment of the

momentum. Again'it is convenient to present this function in

a different form. A function P(t) may be defined as

Py - OROYD gy
EMmKT ot (452)

Again, when a and B are computed from Egs. (444) and (446)

are used

-4.03T

P)= - [9'5'26; Aaun (6.8¢T) |T .

The following curves are all explicitly labelled so
that they willl be immediately identifiable. Rahman's calcula-
tions are also presented, and the qualitative agreement is

obvious.
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7. Dilscussion

The normalized momentum correlation function and its
assoclated power spectrum calculated on the basis of the theory
presented 1n thls chapter reproduce the computer calculations
fairly well. The positions of the niaxima and minima of these
functlions are in very good agreement with the computer cal-
culations of Rahman. There are some differences however. In
the region .65< ¢ < .3 , Rahman's autocorrelation function
remains negative whereas the function calculated by theory
becomes positive. PFurthermore, Rahman's power spectrum shows
oscillatory behavior after the first peak whereas the func-
tion calculated by theory does not.

Needless to say, the agreement is far better than one
might have expected for such a simple theory. The simplest
non-Markovian kernel was chosen as an ansatz. Certainly no
Markovian equation could account for the osclllations.

The motion of a particle may be interpreted in the
following manner. In a dense medium a particle is trapped in
a cage made up of its nearest neighbors. This particle moves
wlthin the cage bouncing from wall to wall and thereby
executing a quasi-oscillatory motion. While the particle 1is
in the cage, before 1ts momentum has decayed to the thermal
average, the cage changes shape and thereby effects the motion
of the molecule. In this way the configuration of the fluid
effects the momentum decay of the particle. The correlation

time of the cage, that is the time necessary for the cage to
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loose order, therefore enters the momentum correlation function
in a natural way. It is very llkely that the configurational
correlation, or relaxation time is !/et

Although the last statement cannot be proved, a plausi-
bility argument may be developed. Equation (395) was found
assuming that Y = B. It Just happens that this very same
differential equation for the momentum correlation function
was derived by Gray on entirely different grounds. Gray
hypothesized a relaxation equation for the pair correlation
function and thereby found Eq. (395). The parameter a which

appears in Eq. (395) corresponds to '/7: in his thedry,

c
where Cc 1s the cbnfigurational relaxation time.

It must be pointed out here that Gray's model rests
on a model kinetic equation for the evolution of the pair cor-
relation function, which is physically appealing, but is
restrictive because 1t pins down the statistical behavior of
the system. The procedure adopted in this work rests on a
particularly simple ansatz, and is not restrictive because the
non-Markovian equation found may be consistent with many
kinetlc equations, as indeed it is. It ig'consistent with the
two equations already discussed, the relaxation time equation
presented here, and Gray's equation. PFurthermore, it 1s con-
sistent with the non-Markovian equations which reduce to the
Fokker-~Planck equation and the Crook equation, 1f a similar
ansatz 1s chosen.

There is one further point that must be made. To

derive a Fokker-Planck eguatlon there must exist a time
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such that
Te<< T < T,
and for whilch
[}
'<'§j2(tﬁ):> ~ T,
< (AP @)D ~T,

fo P14

and all higher moments ~ C NS |. Equations (428) and
(479) may be used to see whether this 1s true or not. Equa-

tion (382) may be expanded about t = O to give

kR

\‘V('t) = | = S{.-S",(\')
From Eq. (48) and (43) it is found that

Sq. S.. = OLY.

Thus

&
k')(ft‘): |-—-Cl.¥’!\:).

and

{(aRT)) > = - apl]
From Eq. (432) it is also seen that
U n~ %
<(A_P‘(’C)) > = 2mk T C

for small ®%. This should be expected since for short times a

particle behaves coherently; that is, for short times a



207
particles positlion and momentum may be predicted from its initial
conditions through the classical equations of motion. In Figs.
(11)--(22) we see that W (t) and consequently {aﬁ W)>., and

<AP:'(¢)>' become linear in ™ for
0.3<T.

If it 1s remembered that Tp, = /ax107* = o0.124,
it can be seen that the necessary condition for the Fokker-
Planck equation is not met; <that is the first and second
moments of the momentum only become linear for times greater
than the momentum correlation time. Of course when the Fokker-
Planck equation 1s derived, a Markov process is assumed. The
Markovian correlation function is used to calculate the moments
of the momentum. We see here, however, that for short time
behavior this cannot be done. For short times non-Markovian
effects are important. These statements may be made on the
basls of Rahman's computer experiment.

There is another very interesting feature of Eq. (390).

Since B =:-# S‘” , equation (390) becomes
Y =y
a s = <T2;‘T‘>>
3
@)
Thus if ¢ = 3 /M we retrieve Eq. (166) of Chapter II
that is |

S(:.)SU): __’:.:L(Vz'\/>'
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This 1s very interesting because, Gray also finds Eq. (390).
These three independent derivations of equations like Eq. (390)
are amazing. S(t) it will be remembered, was related to
(AR A_L?.L('C)}L which measures the diffusion of one
particle in the presence of another; and is therefore, in some
rather vague way connected with the configurational memory or
configurational relaxation time.

Rahman compu@ed the pair correlation functionbfdr
argon. This computed function may be considered exact for the
model system. One possible way to see whether or not the model
system corresponds to real liquid argon is to use the model
pair correlation function in conjunction with the equation of
state and the energy equation to predict the pressure and heat
of« vaporization. Rahman was kind enough to make his data
avallable to us for this test. A Simpson's rule 1ntégration

was carrled out and the pressure obtained was 51.2 atm. The

cal

Tole ° The measured

energy of vaporization obtained was 1335
pressure of liquid argon at 94.4°K and 1.37L gm/cm3 is around
160 atm, and the energy of vaporization is around 1550 %%%g .
The agreement is fairly good, especially when it is remembered
that the pressure 1is a very sensitive test of an equilibrium
palr correlation function. Most theorles of the palr correla-
tion function give much worse agreement than this. It may
nevertheless be concluded that the Lennard-Jones potential does

not adequately represent the molecular interactions in a dense

fluid such as argon.



Fig. 1l.--The momentum autocorrelation function &+’Ct7

versus T (¢t x 1012), from Rahman's computer experiment.
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Fig. 2.--The momentum autocorrelation function Y @)

versus T (t x 1012), in the Markovian approximation.






Fig. 3.--The momentum autocorrelation functions L{Jll(‘ﬁ“)
and (Plg(’t’), versus T (t x 1012), from Eq. (371) (solid line),
and Eq. (369) (dashed line) respectively for D = 2.43 x 1072

cmg/sec and < V*V)» = 10.7 x 103 EF-? .
cm






Fig. 4.--The momentum autocorrelation functions C[ng(‘t,')
(solid line) and ¥, (%) (dashed line) versus T (t x 10%2)
from Eqs. (371) and (369) respectively, for D = 2.72 x 1072
em® /sec and < VWV - 10.7 x 107 EX8S |

cm2
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Fig. 5.--The momentum autocorrelation functions \{/31 ®)
(solid 1line) and W(C')je (dashed line) versus T (t x 10%°) from
Egs. (371) and (369) respectively for D = 2.43 x 1072 cmg/sec

and <v*VY = 11.0 x 103 &res |
Cm2
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Fig. 6.--The momentum correlation functions \\Phl (®)
. (so0lid 1line) and W 4o (¥) (dashed line) versus T (t x 1012)

from Eqs. (371) and (369) for D = 2.72 x 10™° cm°/sec and

3 ergs
vV = 11.0 x 10 c—m—g-.
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Fig. 7.--The power spectrum (Eg. (415)) -F (W) versus w
from Rahman's computer experiment.
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Fig. 8.--The power spectrum (Eq. (415)) ¥(w) versusw
in the Markovian approximation.
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Fig. 9.--The power spectrum (Eq. (415)), §11(°°)
(circles) and §12(w) (dots) versus W , for D = 2.43 x

107 cm®/sec and < 9*V> = 10.7 x 103 er% .
cm






Fig. 10.--The power spectra (Ea. (415)), £ , (@)
(circles) and -§ op(W) (dots) versus W , for D = 2.72 x

-5 .2 2 3 ergs
107”7 cm“/sec and vV = 10.7 x 10 .
/ < > -






Fig. 11.--The power spectra (Eq. (415)) §31(td)
(circles) and -p 32((/‘)) (dots) versus W) for D = 2.43 x

-5 ) 2 _ 3 ergs
1072 cm®/sec and < Vv* > =11.0 x 10 5






Flg. 12.--The mean square displacement (Eq. (451)) T@®)

versus ‘0 from Rahman's computer experiment.






Flg. 13.--The mean square displacement (Eq. (451)) T(?)
versus T in the Markovian approximation.






Fig. 14.--The mean square displacement (Eq. (451))
Tll(’C') (solid line) and Ty 5 () (dashed 1line) versus T from Egs.
(371) and (369) respectively for D = 2.43 x 1072 cmg/sec and

< IV > = 10.7 x 107 EXg8
cm
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Fig. 15.--The mean square displacement (Eq. (451))
T, (%) (solid line) and T,,(¥) (dashed line) versus ¥ from
Egs. (371) and (369) respectively for D = 2.72 x 1072 cmg/sec

and <V*V>  =10.7 x 103 Srgs
cnm







Fig. 16.--The mean square displacement (Eq. (451))
T31(‘C') (solid 1line) and T3p (T) dashed line) versus % from Egs.
(371) and (369) respectively for D = 2.43 x 10—5 cmg/sec and

<vEV) =11.0x10+39r§£.
cm
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Fig. 17.--The mean square displacement (Eq. (451) Tuth')
(solid 1ine) and Ty, (T") (dashed line) versus T from Egs.

(371) and (369) respectively for D = 2.72 x 1072 cm2/sec and

2 _ 3 ergs
<VV> = 11.0 x 10 -;;n-é“—'






Fig. 18.--The second moment of the momentum (Eq. (452))
-P() versus T 1in the Markovian approximation.






Fig. 19.--The second moment of the momentum (Eq. (452))
—P]_]_(/(\-’) versus T from Eq. (471) for D = 2.43 x 1072 cmg/sec

and & VEV> =1o.7x10+3e—rg—s—.
cm
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Fig. 20.--The second moment of the momentum (Eq. (452))
-P21(’t’) versus “ from Eq. (471) for D = 2.72 x 1072 cm2/sec

and <> =10.7 x 103 =Tes
cm
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Fig. 21.--The second moment of the momentum (Eq. (452))
-P31(’t.‘) versus T from Eq. (471) for D = 2.43 x 1072 cm2/sec

and <7 *V»=11.0 x 105 K€
cm
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Flg. 22.--The second moment of the momentum (Eq. (452))
=Py, (T) versus 7 from Eq. (471) for D = 2.72 x 107 cm2/sec

and < V*V> =11.0 x 105 £XES .
cm
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Flg. 23.--The mean Laplacian of the potential as a
function of temperature from isotope separation data.
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APPENDIX

DERIVATION OF THE INTEGRO-DIFFERENTIAL EQUATIONS FOR

THE SINGLET AND DOUBLET DISTRIBUTION FUNCTIONS

In this Appendix we derive the integro-differential
equations for the singlet and doublet distribution functions
of an ideal 1noic melt, on the basis of the Rice-Allnatf theory
of transport in liquids. The properties of the model melt are
described in sections 2 and 3 of chapter III.

.We proceed by first deriving an equatlion for a binary

mixture, and then speclalizing to the case of the 1deal ionic

melt.
Using the definltion of the.n body distribution
functilon
W)
(s) s
;'(ﬂ“).4&/__ ) [(Nu m)‘(“% 5)‘]

(453)

Uﬁ (R‘“" P R ™ " |pm

and the Liouville equation,

255



256

D.CN) N o)
3‘_t v z: "lq,-' ( *xa))'v';dug

Lp, o)
* Z[%—”ﬁ“ VR <Es«*>5p~>-vpj’c=°

k=1

(454)

it 1s readlly found that

%))
P \ T .
(Nu. )' Np l F(c“) vy @,-V&Q(ath Xou V :FEO)U)}

N
BN N) (455)
+ Z gj ;td N-l) (M-')
=|
Na
(N)
-1) -
* Z S- j —Fi;"'v’/’sﬂ( dB;M 'o‘&m " o

K=1

where

-1 u\l 1) -—N—-
dRe dR LT Raadaﬂ——d@“d&,( (156)

)72 kel =
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It l1ls convenlent to define

I - H Y, §M) g

(457)
(N)  en-1) (N-1)
Je = S KF,;,,< Veuf oIRL AR

For a palrwlse additive intermolecular potential,

>, >
- E.' .t )
~ g )t — E‘:))F" (458)

L#J

'l

Ne A
E.:K z Z Esk,dj * g /5&&, (459)
K

whereupon with the use of (458) and (459) in Eq. (457) and inte-
v-l) m- )]
gration with respect to JR¢ , 1t is found that

Ne
(2
%:I.J = (Ng1)! Nﬁ! [-fﬁ:“m» Vo ¥ (a2, t+5)dR,, AR, (460)

)

+(Nem 1)1 NB!J‘. 'yf;:,m Vo, ?(abaz;ﬂs)d&,df;, .
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We note that ];=<3 for all k because we are integrating over

the entlre phase space of component B. Thus, comblning Egs.

(455) and (460)

)

Df;) 0)
2 an ‘F\aE“' .vgm-;(au) + >_<_al 'qu‘f(otl)

=7 SS Eu,a.z.'vt’,.. Y‘;G)U;al) dRa,df2z
- - - (461)

- [l Re iy a0 dRa s,

Of course Eq. (461) contains all the information inherent in
the Liouville equation because fu) must be found from 1(3)
and-im) from ;uﬂ etc. The basic assumption used to
truncate the hierarchy 1s that of Rice and Allnatt. The

formal procedure involves the introduction of time smoothing.

We define a coarse-grained distribution function

T
Pk \ “ 0 1)
P Eg FR™P, ks yas,

(462)

where T 1is the interval of coarse graining. If Eq. (461) is

time smoothes, one finds
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) =1 ‘.)

oy pew o xaw, Flan

. (463)

-1 ()
- - S-[E,w_ %, §(alaz't—+s)dsdl?ud&z

T (&}

e X"SE’“J(“ . VPA. ¥(c\.n)/303 t+s )dsd&;.a'_fg. .

Now, following Rice and Allnatt we subdivide the force on a

particle into hard and soft components,

s) R) L6l
F—m,m = Ebkn + E':')K\) ( )

—

with the operator definition

3 o + , + al \V4
Lo - 5t 7 m VR Kot Ve (63)

Equation (463) assumes the form

e (T
I“,f()ot') = -T J;fF;jRo)LL Vo, F(cuaz trs)d solRa, dPus

T
‘_'c—cy_,fhbc:) Pa.;(a,lﬁ,;é,us)dsd&,dfm

-]

7 466
- CJF e
f ol 2 Vpa-f (cl.l aa {-+s)d3d& dpn

o

)

- T ’J g\ EL(S) ' VF F(dl)ﬁl t+s) dsd&'d&l
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Thls may be written
) an o\
ja.|§ (ary = SZR + J?-S/ (467)

where the notatlon 1s obvious. For the 1deal lonlc melt only

unlike ions undergo rigld-core encounters, whereupon

(®) 5 )

ﬂ:‘: - g ff—l, Vo, Fp ees)dsdfalfy

)
whereas \ng Involves 1interactions with both o and B lons.
It 1s convenient at this point to introduce the Green's
function (phase space transformation function) which has the

property that

() j‘ j (n) , (u) (N)’ )4 p (M) o) )
t+e)= K ( ?
(£ +3) [R™] )cht”’f of (469)

N) n) Y Y
K (R ™ )= TS(R%‘RWS(P“J 2) (470)

Ne
2 T8 (Rax- Ra ) (Fax-
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where the increments in momenta and coordinates must be com-
puted from the complete N-body dynamics.
Green's functions corresponding to the reduced n body

problem are obtalned using the definltlons

(V) (niN=-n) (n) ")
g (,R. iz J[(Rm—mpm "y § (r\: p‘ ) (471)
oo " ,
fR™p " eve)- ng(Rum]R' ’p‘" s )f R )aR 3P
(472)
(n) (n ﬂ)’ |

K (R )Pm Rl PM). ) = f Mowy ), ), (u)

IREs KR“P"IR™P (473)

tnIN=-n )
. )f (Rm-n)'Pm-n) J (N n)d)Pm-n)’



262
Starting from the Liouville equation satlsfled by K(N) equa-
tions for the two body Green's functilons K(z()cu,cu.)/ K“f)dl//&)),
Ko, m2)

Liouville equation with respect to all coordinates and momenta

and , may be found by integrating the

except those of (al, a3), (al, Bl), and (Bl, B2), respectively.
We display only the equations (al, Bl), and (al, a2) since

the other 1is obtalned by simple symmetry conslderatlions.

x)

K (a,a2) (2)
i, —_— . (z)
39 My E' VR'MK — @’z .VRQ,L K N
— ) {x) te)
* E;"J ar VPau K + __Fo.;.)q,\ ’ qu_l K

_ (N)paiN-2) 2
= - f J‘zi Fa sou) 'VF;_, v l-ou.,a." }K i( MJPN ’
(N)p I pyca)  yaa)
[fz/{ i Pur T e V&JK ; Iz )
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and

z)
K (@, p) \ )
’as IR + —IY_\:.P.U'“VRa\K + _;‘-V\;Ei{_&‘ ‘VR'&K

@) (2)

* El)ﬁl' Vé;u K + g‘al. VPA) K

j k. ) ¢ (2l 2) (N2) (e
- j‘jz-li‘l- ¢,‘ /5’ ’d’j %ﬁl\XK ; O(___P(N 2)

S v ) ‘"‘” (N-2)
- 1. Z: F;"'AK' P,_. + /Npk |,< g d f ‘

Using the two-body Green's function (468) may be displayed in

the form

.
&ul = -1 f—-fE.iR;,‘Vr' K(Z;l)ﬁl f)dgs JBS'JKaldﬁid&ldﬁuds

(476)
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In the Rice-Allnatt theory the repulsive potential 1s taken to
(R

be an infinltely repulsive hard core. Thus Eu,m = QO except
at 7

in the time interval (0, © +) and ‘ﬂ-ﬁ T o mortT

Note that \'—', 4r =2 v 2 and Ful,,gK_ ©,k»2

In Eq. (475) the integrals on the right-hand side of

the equation vanish. Thus Eq. (475) may be solved for

R) @) :
- F:u;ﬁ' 'VP.. K (a1 ,B1; ) and the result substituted in
- (R) o (x)
Eq. (476). After noting that Fp:,\) al \ K (ett) R, $)

integrates to zero it is found that

)

- 'BK L, A1) (x)
e AR

) s (H77)

+_{‘;\;’%’.Ves‘ KR) JC(oti/sl ﬁ)d&s, o‘ﬁ,‘,o' a

AR, dFs,dls.

()
During the time interval (O, O+ ) , K (m),g.) satisfies a

Liouville equation in pair space, a solution of which is

x) 2 ’ ’
K Rl Ro P | R B R 55 ) = ITSR-BAR DB (R -8R ), (178
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) ) Q)
With the substitution ¥'?an,3|)=a"?5¢,’ g&,)gt('k_e, B Rt

integration over the indicated volume leads to

al ————
QR = Jap * Jaap , (479)

where

(2)

T = Folee) [ [FU0ey - ) F R, - 08
(480)

— () =
";‘( al) m,t);(Rau Pea f]

E@-—Eél)bﬂbdsoni)
™Mo 3 ~

Tw= 90| [ [Fina oty 7 T2, ot

(481)

~ 0

’ B Pa,
.?(\Ra.t \-t.l {)6. K V?a g(Rai) PA‘ {>]J ?:P)Ldl»lei';l'
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From the relations
T

&M; ! S’ 5;- VP g (au,,st Hs)omg alﬁs.o!s
s 0¥

e
’,C-I T (s) (2) d 0“7 dS
So;‘ Fajaz ‘V?a.y (aya2; £+ lRasdller 45,

(482)

o oll, L d')/s.
\ﬂs : Lﬂ-s + Jls

using the same techniques as Rice and Allnatt and Ross, it is

found that

o) — S
\52, (S-v.a.* S‘ﬁ)Ad.l g‘ (d') - vf’u\ '—au g(;l).

(483)

With the final definitions

()
Au = Ty lmfa v xT % | (48k4)

- (1)

OQ:F&I) = {of,u + %R )&a:) :
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we obtaln the desired form of the equation

0y

n) . 0
@q.);(:’") % + Tws + (Su\-* ram> A.. g;dl).

which has the solution given 1n sectlon 2 of chapter III.

(485)



